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Abstract

School choice mechanisms determine not only where students study but also who

their classmates are. Deferred acceptance (DA) protects families in this regard

through local non-bossiness: a student who keeps her school cannot alter its cohort

by misreporting her ranking. This paper examines whether the protection persists

under reforms designed to correct DA’s inefficiency, and concludes that it does not.

Any mechanism that yields a Pareto improvement over DA whenever one exists

fails to be locally non-bossy in every problem with a separating double rotation, a

configuration of priorities and capacities that arises under random priorities in most

large markets. Efficiency-adjusted deferred acceptance loses the protection once two

identified students consent and, in large markets, with probability approaching one

when a fixed fraction of students chosen independently of priorities consents. We

also show how the consequences of this manipulation for segregation depend on how

student types relate to priorities.
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1 Introduction

A centralized school choice system assigns students to schools, and in doing so it also

decides who their classmates will be. That second decision matters for two reasons.
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Families care about it, because what they look for in a school includes who its students will

be, and the rankings they submit respond to that (Abdulkadiroğlu et al., 2020; Beuermann

et al., 2023; Burgess et al., 2015; Rothstein, 2006). Districts act on it, through catchment

areas, reserved seats and the priority rules themselves (Correa et al., 2022; Cox et al.,

2025), and a growing theoretical literature asks how the assignment mechanism itself

shapes the composition and the segregation of schools (Escobar & Huerta, 2026; Ortega

et al., 2026). A mechanism should then be judged not only by the school each student

receives, but also by whose report decides the group she joins.

The mechanism most districts use is student-proposing deferred acceptance (DA). It is

stable, so no student is denied a seat held by somebody with a weaker claim on it, and it

is strategy-proof, so no student obtains a better school by misreporting her ranking. But

it is not efficient: the matching it produces can be Pareto dominated for the students by

an unstable one. A large literature builds mechanisms that recover those gains without

leaving any student worse off than DA does in her ranking of schools, and studies what

such a repair has to give up. We ask what it does to the composition of schools, and in

particular whether it gives a family some control over who its child’s classmates will be.

Our question takes a precise form because of two known results. A mechanism is

non-bossy if a student who submits a different ranking and keeps her school cannot change

anybody else’s assignment. DA is bossy: a student can misreport, keep her own school

and still rearrange the rest of the market. Under DA the property holds exactly when

priorities are acyclic in the sense of Ergin (2002), which is also exactly when DA is efficient,

so non-bossiness is available only where there is nothing to repair. Duque-Rosas, Pereyra,

and Torres-Mart́ınez (2026) isolate the part of the property that survives everywhere: DA

is locally non-bossy, which means that a student who submits a different ranking and

keeps her school cannot change the set of students assigned to that school. This is what a

district can guarantee a family under DA, regardless of its priority structure. A family

that keeps its school cannot rearrange its own cohort through the list it submits.1 We ask

whether that promise survives the repair of DA’s inefficiency.

It does not. Our first result gives a school choice problem in which no mechanism

that implements a Pareto improvement over DA whenever one exists is locally non-bossy

(Theorem 1). The class is large. It contains every Pareto-efficient mechanism that weakly

dominates DA, among them efficiency-adjusted deferred acceptance (EADA) when every

student consents, and it also includes mechanisms that fall well short of efficiency, such as

one that executes a single improving exchange whenever DA leaves one available, or one

1The promise is about the family’s own report and not about the reports of others: under DA a family
can see its classmates change because somebody else reported differently, and the problem Γ4 of the
Appendix shows it.
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that implements an improvement whose priority violations are all justifiable in the sense

of Ortega and Arribillaga (2026). The problem has two preference profiles that differ only

in the order of the two schools one student ranks second and third. At each profile DA

admits exactly one Pareto improvement, so every mechanism in the class has to select it,

and the two selections give that student the same school with a different classmate. The

conflict does not come from unacceptable schools, from unassigned students, or from the

designer’s freedom to choose among several corrections.

The rest of the paper asks which problems have this feature, and answers with conditions

on priorities and capacities, that is, on what a district designs. The conflict needs a rotation

through a school with several seats: a chain of denied claims that closes on such a school,

with each seat along the chain held by a student with a stronger claim. When no such chain

exists, every DA-dominating mechanism is locally non-bossy, efficient or not (Theorem 2).2

The conflict arises when one student, the manipulator, has two such chains into the same

school with several seats, the contested school, each starting from a different school. We

call them her two routes. Along each route, the manipulator takes a seat at the contested

school and one of its students, a rival, moves to the seat the manipulator leaves. For

the two routes to give the manipulator different classmates, each route must be closed

while the manipulator travels the other, and priorities can close a route in two ways. In a

guarded route, the seat the rival would move into is held by a third student, the guard, who

has lower priority than the manipulator and higher priority than the rival at that school.

Only the manipulator can displace the guard, so the rival stays at the contested school

unless the manipulator arrives through that route. In a direct route, the rival already

holds that seat, and it is the manipulator’s arrival that sends her back to the contested

school, where she takes the seat of a classmate with lower priority, who is consequently

crowded out. When both routes are guarded, the manipulator’s report decides which of

the two rivals remains her classmate, while when one route is direct, it decides whether

the crowded-out classmate keeps her seat. We call this configuration a separating double

rotation, and we show that it produces the impossibility for every mechanism in the class

(Theorem 3).

Two further results say how large the region of conflict is. The configuration is easy

to meet: it is enough that the student with the lowest priority at a school with at least

two seats rank above four students at each of two other schools, in a market where those

three schools together leave at least one student without a seat. If the priority orders

2The condition is not a restatement of acyclicity in the sense of Ergin (2002). We exhibit a problem
with cyclic priorities, an oversubscribed school and Pareto-inefficient DA outcomes that still falls in the
compatible region, because the improvements its priority reversal makes available never reach the school
with several seats.
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of the three schools are drawn independently and uniformly, that condition holds with

probability at least (1− 4/n)2 in a market with n students. The bound does not depend

on the number of schools or on their capacities, so the conflict becomes the rule as markets

grow, also when capacities grow with them. We do not claim the converse. Our results

do not characterize the problems in which the three properties are compatible, and they

do not say that priorities that differ only slightly are safe: padding the problem Γ1 of

the proof of Theorem 1 with students who find no school acceptable, and who sit in the

same positions at the bottom of every order, leaves the impossibility intact and makes the

orders agree on all but five students.

We then look at the repair that has been studied most and that a public authority

has considered. EADA repairs DA by asking students to waive priorities whose violation

cannot affect their own assignment, and the Flemish Ministry of Education took the

first steps towards implementing it in 2019 (Cerrone, Hermstrüwer, & Kesten, 2024). Its

full-consent version belongs to the class, so it inherits the impossibility. The sharper

statement is about consent. Kesten (2010) shows that waiving is costless for the student

who waives, in the sense that it cannot change her own school. We show that in every

problem with a separating double rotation two such waivers are enough to make the

mechanism locally bossy, and we name the two students: the two guards when both routes

are guarded, and the guard of the guarded route together with the classmate crowded out

of the contested school when one route is direct. If nobody consents the mechanism is DA

and the protection holds. The waiver that costs its owner nothing is what lets another

student change her own classmates while keeping her school.

Since a district does not choose who consents, we also ask what happens when the

consenting students are not determined in advance. If a fixed fraction of students consents,

the consenting students are unrelated to priorities, and the three schools involved leave

a growing number of students without a seat, EADA is locally bossy with probability

approaching one. Neither statement depends on the details of EADA. At the profiles we

construct, the improvement over DA is unique and violates only the priorities of students

who consented, so both statements extend to every consent-based mechanism that is

efficient whenever possible in the sense of Ortega and Arribillaga (2026).

While the manipulator gains or loses a specific classmate, a district monitoring school

composition evaluates diversity through aggregate student types, such as income, ethnicity,

or prior achievement. Ortega et al. (2026) show that when priorities are stratified by type,

so that every school ranks all students of one type above all students of the next, every

matching that dominates DA admits the same number of students of each type to each

school as DA does. We show that the invariance also holds across reports: under stratified
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priorities, no DA-dominating mechanism, efficient or not, lets a student who keeps her

school change the number of students of each type in it, and the bossiness we identify is

confined to identities within a type. Stratification is a strong assumption, however, and

when types are unrelated to priorities the conclusion reverses. At the profiles we build

from a separating double rotation, the two cohorts of the manipulator’s school differ in

exactly one student, and with uniform priorities and types fixed in advance, as long as no

type contains almost every student, the manipulator can choose between classmates of

different types with probability approaching one.

The deviation we exhibit is also outside what the usual criteria measure. Since

Abdulkadiroğlu, Pathak, and Roth (2009) showed that no strategy-proof mechanism can

Pareto dominate DA, that literature has weakened strategy-proofness instead of dropping

it, and asks whether EADA is obviously manipulable, regret-free, maxmin optimal or

immune to simple misreports. All of these criteria ask whether a student can improve

her own assignment. At the profiles we construct, every mechanism in the class gives the

deviating student the same school under both reports, so she gains nothing that those

criteria measure, and what her report moves is her cohort. On the domain of preferences

over colleagues of Duque-Rosas, Pereyra, and Torres-Mart́ınez (2026), where a student

ranks matchings first by her school and then by her schoolmates, the same deviation is

strictly profitable. The criteria listed above are stated in terms of the school a student

obtains, and none of them has been formulated on that larger domain.

Related literature. The efficiency cost of priority-respecting assignment is studied by

Balinski and Sönmez (1999) and Abdulkadiroğlu and Sönmez (2003), and Ergin (2002)

characterizes the acyclic priority structures under which it vanishes. Efficient improvements

over DA are constructed and characterized by Kesten (2010), Tang and Yu (2014), Tang

and Zhang (2021) and Reny (2022), and the limits of such improvements are the subject

of a growing literature: they cannot be strategy-proof (Abdulkadiroğlu, Pathak, & Roth,

2009; Alva & Manjunath, 2019; Kesten & Kurino, 2019), consistent (Doğan & Yenmez,

2020), cardinally minimally unstable (Doğan & Ehlers, 2021), regret-free truth-telling

once consent decisions are not part of the report (Chen & Möller, 2024), or immune to

manipulations from below (Afacan et al., 2026); they cannot repair DA’s rank distribution

or the welfare of its worst-off student, and under stratified priorities they cannot change

how many students of each type each school admits, so they cannot reduce segregation

measured in those terms (Ortega et al., 2026). Additionally, they cannot improve many

students at once while being minimally unstable in the set-inclusion sense (Knipe &

Ortega, 2025). Ortega and Arribillaga (2026) ask which of the priority violations that an
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improvement requires can be justified, show that an improvement whose violations are all

justifiable exists whenever DA is inefficient, and study what consent-based mechanisms

can achieve. Our result adds a requirement of a different kind, about the identity of a

student’s classmates with her own school held fixed rather than about the school she

obtains.

Two papers share the logical form of our conditions. Doğan and Ehlers (2021) charac-

terize the priority profiles that admit a minimally unstable Pareto improvement over DA

by conditions on Ergin cycles, trading an axiom on improvements against a restriction

on priorities, as we do; their axiom concerns the instability the improvement carries and

ours concerns whose composition it changes, and their characterization is stated for unit

capacities, which is the case in which our question is empty. Ortega et al. (2026) show

that under stratified priorities the number of students of each type at each school is the

same under every rule that dominates DA, and observe that individual identities may still

vary. That is the count-level counterpart of our object: what their result fixes is how many,

what we study is who, and the distinction is exactly what makes the question non-trivial.

Section 7 connects the two. Their invariance survives a change in the report of a single

student, so that under stratified priorities the bossiness we identify moves identities and

never numbers, and it fails once types and priorities come apart.

Non-bossiness goes back to Satterthwaite and Sonnenschein (1981); see Thomson (2016)

for a survey and Pápai (2000) for its relation with group strategy-proofness. Raghavan

(2020) reads bossiness as the ability of an agent to influence the welfare of another without

changing her own, studies the structure of that influence when non-bossiness is out of

reach, and shows that the consenting students that EADA considers are students who have

influence under DA. Kojima (2010) shows that stability and non-bossiness are incompatible

when both sides report. Afacan and Dur (2017) show that the school-proposing mechanism

is the only standard one that is harmless, in the sense that no student can misreport in a

way that leaves her no worse off and makes another student worse off, and Moreno-Garćıa

and Torres-Mart́ınez (2026) show that immunity to coalitional manipulation requires

strategy-proofness and non-bossiness jointly, which is why the two ends of the stable lattice

satisfy one property each. Local non-bossiness is what the student-optimal end retains

unconditionally, and this paper asks what an efficiency adjustment does to it. The paper

closest to ours is Duque-Rosas, Pereyra, and Torres-Mart́ınez (2026), who introduce the

property, prove that DA satisfies it, characterize DA with it, and show how it governs

incentives when students care about their schoolmates. They do not ask whether Pareto

improvements over DA preserve it.
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Organization. Section 2 presents the model. Section 3 records what an improvement

over DA can do and turns it into restrictions on local non-bossiness. Section 4 contains

the impossibility. Section 5 bounds the problems that generate it and shows that they

are the typical case. Section 6 studies EADA, consent and preferences over colleagues.

Section 7 studies the composition of schools by type, and Section 8 concludes. Omitted

proofs are in the Appendix.

2 Model

There is a finite set of students I and a finite set of schools C. Each school c ∈ C has

capacity qc ∈ N and a strict priority order ≻c over I, and we write q = (qc)c∈C for the

capacity vector and ≻= (≻c)c∈C for the priority profile.3 Each student i ∈ I has a strict

preference relation Pi over C ∪ {∅}, where ∅ is the outside option, and Ri denotes the

associated weak relation. A school c is acceptable to i if c Pi ∅. We write P = (Pi)i∈I for

a preference profile, and P−i = (Ph)h̸=i for the reports of the students other than i; P is

the unrestricted domain of preference profiles. A tuple Γ = (I, C, q,≻) is a school choice

problem.4

An assignment µ : I → C ∪ {∅} is feasible if no school exceeds its capacity. We use

the term matching for a feasible assignment, we write µi ∈ C ∪ {∅} for the assignment of

student i, and for every x ∈ C ∪ {∅} we write

µx = {i ∈ I : µi = x}

for the set of students assigned to x. Thus |µc| ≤ qc for every c ∈ C and µ∅ is the set of

unassigned students. LetM denote the set of matchings. Since I and C are finite, so is

M. A matching is individually rational if µi Ri ∅ for every i, and non-wasteful if there is

no student-school pair (i, c) such that i prefers c to µi while c has an empty seat. We say

that school c is full at µ if |µc| = qc and undersubscribed otherwise.

A matching µ is stable if it is individually rational and there is no pair (i, c) such

that c Pi µi and either |µc| < qc or i ≻c j for some j ∈ µc. Such a pair is a blocking pair :

student i prefers c to her assignment and can claim either an empty seat or a seat held

3Priorities are not preferences. Schools are objects to be consumed rather than agents, and every
student is acceptable to every school: leaving a seat vacant when some student would rather occupy it
is ruled out by the designer and not by the school, and ≻c only says who has the stronger claim when
its seats are scarce. This is the standard convention in school choice (Abdulkadiroğlu & Sönmez, 2003;
Balinski & Sönmez, 1999), and it is what non-wastefulness formalizes below.

4Preferences are not part of it. A mechanism is defined below on a fixed Γ and assigns a matching
to every profile in P, so each property we study is a property of a mechanism in a given school choice
problem.
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by a lower-priority student. Thus, stability is equivalent here to individual rationality,

non-wastefulness, and absence of justified envy.5

The following algorithm is the standard way of computing a stable matching, and its

outcome is the benchmark against which the mechanisms defined below are compared.

Algorithm 1 Student-proposing deferred acceptance, DA(P )

1: Each student applies to her most-preferred acceptable school. Each school tentatively
keeps up to qc highest-priority applicants and rejects the rest.

2: Every rejected student applies to her most-preferred acceptable school that has not
yet rejected her. Each school again keeps the qc highest-priority students among its
current tentative assignees and new applicants, rejecting the rest.

3: Repeat Step 2 until no rejection occurs. Tentative assignments then become final.

The resulting matching is denoted DA(P ). It is the student-optimal stable matching: every

student weakly prefers it to every other stable matching at P (Gale & Shapley, 1962).

The algorithm has an elementary property that we use at several points below. Once

a school rejects an applicant it holds a full set of tentative assignees, and the priority of

the lowest-ranked student it holds only improves thereafter. Hence, if c rejects i at some

round of the run at P , then c is full at DA(P ) and every member of DAc(P ) has higher

priority than i at c. A rejection is permanent evidence that the school ends up full with

students who have a stronger claim.

Given P , a matching ν weakly Pareto dominates µ if νi Ri µi for every i ∈ I. It Pareto

dominates µ if, in addition, νj Pj µj for some j. A matching is Pareto efficient if no

matching Pareto dominates it.

A mechanism is a map φ : P →M. We write φi(P ) for student i’s assignment and

φx(P ) = {i ∈ I : φi(P ) = x} for x ∈ C ∪ {∅}. A mechanism is strategy-proof if no

student can obtain a strictly preferred assignment by changing only her own report: there

are no i ∈ I, P ∈ P, and P ′
i such that φi(P

′
i , P−i)Pi φi(P ). The student-optimal stable

mechanism, denoted DA, assigns to every profile P the matching DA(P ) produced by the

algorithm above. It is strategy-proof for students (Dubins & Freedman, 1981; Roth, 1982).

Definition 1. A mechanism φ is DA-dominating if φ(P ) weakly Pareto dominates DA(P )

for every P ∈ P, and DA-improving if, in addition, φ(P ) ̸= DA(P ) at every profile P at

which DA(P ) is not Pareto efficient. It is efficient if φ(P ) is Pareto efficient for every

P ∈ P .
5A student has justified envy at a matching when she prefers some school to her own assignment and

that school admits a student with lower priority for it. Priorities are respected in this weak sense: a
student may envy a classmate of a school she cannot claim, but never one who ranks below her.
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The mechanism DA is DA-dominating but not efficient. Stability and Pareto efficiency

for students are incompatible in general, and the student-optimal stable matching may

be Pareto dominated by an unstable one (Abdulkadiroğlu & Sönmez, 2003; Balinski &

Sönmez, 1999; Roth, 1982). Ergin (2002) characterizes the priority structures under which

this never happens. DA-dominance says that a mechanism never leaves a student worse off

than the benchmark does, and the other two properties say how much of the foregone gains

it must recover. Since preferences are strict, a matching that weakly Pareto dominates

DA(P ) and differs from it Pareto dominates it. A DA-improving mechanism is therefore

required only to implement some improvement over DA whenever there is one, while an

efficient one must leave no improvement unexploited.

Every efficient DA-dominating mechanism is DA-improving, but the class of DA-

improving mechanisms is much larger. It contains a mechanism that, whenever DA is

inefficient, executes a single trading cycle among students who all prefer the seat they

receive and leaves every other student where DA placed her. Such a cycle exists whenever

DA is inefficient, by Lemma 1(iv) below. It also contains a mechanism that returns

DA when DA is efficient and otherwise an improvement whose priority violations are

all justifiable in the sense of Ortega and Arribillaga (2026), since by their Theorem 1

such an improvement exists whenever DA is inefficient. These mechanisms need not be

efficient, and they are the natural benchmark for a district that wants to improve upon

DA without committing to exhaust every gain. The impossibility theorems below apply to

every DA-improving mechanism, and the compatibility results to every DA-dominating

one.

Definition 2 (Duque-Rosas, Pereyra, and Torres-Mart́ınez (2026)). A mechanism φ is

locally non-bossy if for every i ∈ I, every P ∈ P , every report P ′
i , and every x ∈ C ∪ {∅},

φi(P ) = φi(P
′
i , P−i) = x =⇒ φx(P ) = φx(P

′
i , P−i).

In words, a student who reports different preferences and is still assigned to the

same school cannot change the composition of that school, and a student who reports

different preferences and remains unassigned cannot change the set of unassigned students.

The latter condition makes local non-bossiness non-vacuous even in one-to-one problems

(Duque-Rosas, Pereyra, & Torres-Mart́ınez, 2026). Local non-bossiness is weaker than

non-bossiness, which requires the entire matching to remain unchanged whenever the

reporting student keeps her assignment.6

6Formally, φ is non-bossy if φi(P ) = φi(P
′
i , P−i) implies φ(P ) = φ(P ′

i , P−i) (Satterthwaite & Sonnen-
schein, 1981). Local non-bossiness places no restriction on what the report of i does at schools other than
φi(P ). We call a report bossy, or locally bossy, when it does what the corresponding property forbids, and
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Proposition 1 (Duque-Rosas, Pereyra, and Torres-Mart́ınez (2026), Theorem 1). The

student-optimal stable mechanism is locally non-bossy.

How much the weakening gives up is itself a question about priorities rather than about

reports, since the stronger property is available only at priority structures of a particular

shape. We state the condition that describes them now, both because it is the benchmark

against which the rest of the paper measures its own conditions and because the objects it

is built from, a priority reversal between two schools and the students who fill their seats,

reappear throughout.

Definition 3 (Ergin (2002)). An Ergin cycle consists of distinct schools a, b ∈ C and

distinct students i, j, k ∈ I such that

i ≻a j ≻a k and k ≻b i,

together with disjoint sets Na, Nb ⊆ I \ {i, j, k} with |Na| = qa − 1 and |Nb| = qb − 1 such

that every member of Na has higher priority than j at a and every member of Nb has

higher priority than i at b. The priority profile is acyclic if it has no Ergin cycle.

The weakening is what makes the property available. Under DA full non-bossiness is

equivalent to Ergin acyclicity, and hence to the efficiency of DA itself, so it holds only

where there is nothing to repair.7 Proposition 1 says that the local part costs nothing: it

holds at every priority structure and every capacity vector. This paper asks whether it

also costs nothing once the designer insists on repairing the inefficiency, and the answer

turns out to be a condition on priorities and capacities again.

Remark 1. The two ends of the stable lattice divide the two properties between them.

The student-optimal mechanism is strategy-proof for students and locally non-bossy, and

it is non-bossy only under acyclicity. The school-proposing stable mechanism is non-bossy,

and indeed no misreport under it can leave the deviating student no worse off while

harming somebody else (Afacan & Dur, 2017), but it is not strategy-proof. Moreno-Garćıa

and Torres-Mart́ınez (2026) compare how manipulable by coalitions the stable mechanisms

are, and immunity to coalitional manipulation requires the two properties jointly, which

no stable mechanism can guarantee at every priority structure. The school-optimal end is

nevertheless outside the class studied here, since it is the worst stable matching for students

a mechanism is bossy, or locally bossy, when some report of some student at some profile is.
7Ergin (2002) shows that DA is group strategy-proof if and only if ≻ is acyclic, and a strategy-proof

mechanism is group strategy-proof exactly when it is non-bossy (Pápai, 2000; Thomson, 2016). Since
DA is strategy-proof, DA is non-bossy if and only if ≻ is acyclic, which by Ergin’s theorem is also the
condition under which DA is efficient.
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and therefore does not dominate DA. Local non-bossiness is what the student-optimal end

retains at every priority structure, and what the rest of the paper compromises.

3 Improvements over DA

This section collects what a matching that Pareto improves upon a stable matching can

do, and turns it into restrictions on local non-bossiness. A DA-dominating mechanism

can only move students among the seats that DA already fills. This keeps the conflict at

schools with several seats and fixes the position of the student who can create it. Once

efficiency and DA-dominance are imposed, choosing a mechanism means choosing one

welfare correction at each profile, and local non-bossiness becomes a restriction that links

the corrections chosen at two profiles that differ in a single report. The three properties

are then incompatible as soon as two such profiles admit no compatible pair of corrections,

which is what we call a rigid pair (Corollary 1).

Lemma 1. Let µ be individually rational and non-wasteful at P , and let ν weakly Pareto

dominate µ at P . Then

(i) |νc| = |µc| for every c ∈ C, and ν∅ = µ∅;

(ii) νc = µc at every school c that is undersubscribed at µ;

(iii) every student i with νi ̸= µi satisfies µi ∈ C, νi ∈ C and νi Pi µi;

(iv) if νc ̸= µc for some c ∈ C, then there are an integer L ≥ 2, distinct schools a1 =

c, a2, . . . , aL and distinct students k1, . . . , kL such that

µkℓ = aℓ and νkℓ = aℓ+1 for every ℓ,

indices taken modulo L; moreover kL may be taken to be any prescribed student of

νc \ µc.

Proof. (i) If µi ∈ C, individual rationality and strict preferences give µi Pi ∅, so weak Pareto

dominance implies νi ̸= ∅ and hence ν∅ ⊆ µ∅. Suppose |νc| > |µc| for some c. Feasibility of

ν implies |µc| < qc, and there is i ∈ νc \ µc; since νi = c ̸= µi and preferences are strict,

c Pi µi, so i prefers a school with a vacant seat at µ, contradicting non-wastefulness. Hence

|νc| ≤ |µc| at every school. Summing gives
∑

c |νc| ≤
∑

c |µc|, while ν∅ ⊆ µ∅ gives the

reverse inequality for the numbers of assigned students. Therefore equality holds at every

school and ν∅ = µ∅.
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(ii) The argument in the previous paragraph shows that no student can move into a

school that has a vacant seat at µ, so νc ⊆ µc whenever c is undersubscribed, and part (i)

gives equality.

(iii) By part (i) no student of µ∅ moves and no assigned student becomes unassigned,

and strict preferences with weak dominance give νi Pi µi.

(iv) Let i∗ be any student of νc \ µc, which is non-empty because νc ≠ µc while the

two sets have the same number of elements by part (i). Say that a school b feeds a school

b′ if some student has µh = b and νh = b′; by part (iii) both are schools. Part (i) gives

|µb \ νb| = |νb \ µb| at every school, so at every school the number of students who leave

equals the number who arrive.

Let B be the set of schools that can be reached from c by a chain of feedings, with

c ∈ B. Every school of B feeds only schools of B, so every student who leaves a school

of B arrives at a school of B. Adding the equalities above over the schools of B, the

number of students who leave a school of B equals the number who arrive at one; since

the departures from B already account for that many arrivals, no student arrives at a

school of B from outside B. Student i∗ arrives at c ∈ B from µi∗ , hence µi∗ ∈ B.

Take a shortest chain of feedings c = b0, b1, . . . , br = µi∗ . Its schools are distinct,

and r ≥ 1 because µi∗ ̸= c. For every t < r choose a student kt+1 with µkt+1 = bt and

νkt+1 = bt+1, put L = r + 1, kL = i∗ and at+1 = bt for t ≤ r. Then µkℓ = aℓ and νkℓ = aℓ+1

for ℓ < L, while µkL = br = aL and νkL = c = a1. The schools are distinct by construction

and the students are distinct because they occupy distinct schools under µ.

Parts (i) and (ii) are known. Part (i) appears, in various formulations, in Abdulkadiroğlu,

Pathak, and Roth (2009), Erdil (2014) and Kesten and Kurino (2019); see also the discussion

in Tang and Yu (2014) and Ortega et al. (2026). Troyan, Delacrétaz, and Kloosterman

(2020, Proposition 3) prove an analogous invariance on a different domain, showing that

any two essentially stable matchings agree at every undersubscribed school and leave the

same students unassigned.

Applied to µ = DA(P ), which is stable and therefore individually rational and non-

wasteful, the lemma says three things about a welfare correction over DA. First, the

correction never expands access: it leaves the set of unassigned students and the number

of students at each school exactly as DA leaves them, so it can only permute students

among seats that DA already fills. Second, and more sharply, it leaves the entire cohort of

any school that DA does not fill, not merely its size. A school with a vacant seat is one

whose priorities do not bind, since no student wants a seat there that she does not already

have. Then, welfare corrections redistribute contested seats, those belonging to schools

that DA fills and for which some rejected student still has a claim, and only those. Third,
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every correction is a collection of trading cycles among assigned students, and part (iv)

says that a correction which changes the cohort of a school c contains a cycle through c: a

list of schools starting and ending at c along which each student moves to the school the

next one vacates. Section 5 reads that cycle back into the priority structure.

Applying the lemma to ν = φ(P ) for a DA-dominating mechanism φ delivers the

consequences for local non-bossiness.

Proposition 2. Let φ be DA-dominating. Fix P ∈ P, i ∈ I, and another report P ′
i , and

let P ′ = (P ′
i , P−i).

(i) If φi(P ) = φi(P
′) = ∅, then φ∅(P ) = φ∅(P

′).

(ii) If φi(P ) = φi(P
′) = c ∈ C and φc(P ) ̸= φc(P

′), then qc ≥ 2.

(iii) If φi(P ) = φi(P
′) = c ∈ C, then DAi(P ) = c if and only if DAi(P

′) = c.

Proof. For part (i), suppose φi(P ) = ∅. Because φ(P ) weakly Pareto dominates the

individually rational matching DA(P ), student i must also be unassigned under DA(P );

otherwise DAi(P )Pi ∅ = φi(P ). The same argument gives DAi(P
′) = ∅. Proposition 1,

applied to the outside option, therefore gives DA∅(P ) = DA∅(P
′), and Lemma 1(i) gives

φ∅(P ) = DA∅(P ) and φ∅(P
′) = DA∅(P

′).

For part (ii), student i belongs to both φc(P ) and φc(P
′). If qc = 1, feasibility forces

both sets to equal {i}, contradicting φc(P ) ̸= φc(P
′).

For part (iii), suppose DAi(P ) = c. Strategy-proofness of DA, applied to student i

with preference P ′
i against the fixed reports P−i, gives DAi(P

′)R′
iDAi(Pi, P−i) = c. Since

φ(P ′) weakly Pareto dominates DA(P ′) at P ′, we also have c = φi(P
′)R′

i DAi(P
′). Strict

preferences give DAi(P
′) = c, and the converse follows by exchanging the roles of Pi and

P ′
i .

Regarding part (i), local non-bossiness restricts the outside option as well as the schools,

and Duque-Rosas, Pereyra, and Torres-Mart́ınez (2026) stress that this is what makes

the property non-trivial in one-to-one problems. For DA-dominating mechanisms that

part never binds, because a student who remains unassigned cannot change who else is

unassigned, whatever the capacities. Part (ii) places the conflict at schools with several

seats, where students compete for a scarce resource and priorities do the rationing. Part

(iii) places the manipulator relative to such a school. A student who receives the same

school under two reports either holds a seat there under DA at both profiles, so that the

correction leaves her where she was, or is denied it under DA at both profiles, so that the

correction admits her. The intermediate case, in which DA grants her the school under

one report and the correction has to fetch it under the other, cannot arise.
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Remark 2. Part (ii) already settles the one-to-one case. If qc = 1 for every c ∈ C,

then every DA-dominating mechanism is locally non-bossy, since the property has no

bite at the outside option by part (i) and a school with a single seat cannot change its

composition while keeping the same student. Efficient DA-dominating mechanisms exist in

every problem, as Lemma 2 records, so efficiency, DA-dominance and local non-bossiness

are then compatible. The case is of limited interest for school choice: when every school

admits one student, the composition of a school is the student assigned to it, so local

non-bossiness is satisfied automatically in this class, while ordinary non-bossiness remains

restrictive.

3.1 The design problem is a selection problem

Efficiency and DA-dominance leave the designer with a choice. At a given profile they rule

out every matching that makes some student worse off than DA does and every matching

that still leaves gains on the table, but in general several matchings survive both tests,

and the designer must pick one of them. For a profile P , let D(P ) be the set of matchings

that weakly Pareto dominate DA(P ) at P and let

E(P ) = {ν ∈ D(P ) : ν is Pareto efficient at P}

be the set of welfare corrections a designer may implement at P once she has committed to

leaving no student worse off than under DA and to exhausting the remaining gains. The

class of efficient DA-dominating mechanisms is exactly the class of selections from E , and
it is non-empty and easy to describe constructively. Fix a linear order ▷ on I, to be read

as an order of precedence that the designer uses to break ties between welfare corrections,

and refine E(P ) by keeping the elements that are best for the ▷-first student, then those

best for the second, and so on. Call the resulting mechanism the serial refinement φ▷.

Lemma 2. E(P ) ̸= ∅ for every P , and a mechanism φ is efficient and DA-dominating if

and only if φ(P ) ∈ E(P ) for every P ∈ P. Moreover, for every linear order ▷ on I the

serial refinement φ▷ is well defined, efficient and DA-dominating.

Proof. The set D(P ) is non-empty and finite, so it has an element that no other element

Pareto dominates; if some matching Pareto dominated it, transitivity would place that

matching in D(P ) and contradict the choice, so the element is Pareto efficient and belongs

to E(P ). If φ is efficient and DA-dominating then φ(P ) lies in D(P ) and is Pareto efficient,

hence in E(P ); the converse is immediate. Finally, the refinement defining φ▷ operates

on a finite non-empty set and each step preserves non-emptiness, and any two elements
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surviving all steps give every student the same assignment and therefore coincide, so φ▷(P )

is a well-defined element of E(P ).

Local non-bossiness is then a restriction on the selection, not on any single profile: it

links the corrections chosen at profiles that differ in one report, which is what makes the

joint requirement demanding.

Definition 4. A pair of profiles (P, P ′) with P ′ = (P ′
i , P−i) is a rigid pair for i if there is

x ∈ C ∪ {∅} such that every ν ∈ E(P ) and every ν ′ ∈ E(P ′) satisfy

νi = ν ′
i = x and νx ̸= ν ′

x.

At a rigid pair the two reports lead to welfare corrections that put i at the same school

with different classmates, whichever admissible correction the designer implements at each

profile. The designer has no way out, and the following is immediate.

Corollary 1. If a school choice problem Γ admits a rigid pair, then no mechanism is

simultaneously efficient, DA-dominating and locally non-bossy.

Proof. Let φ be efficient and DA-dominating and let (P, P ′) be a rigid pair for i. By

Lemma 2, φ(P ) ∈ E(P ) and φ(P ′) ∈ E(P ′). Rigidity gives φi(P ) = φi(P
′) = x and

φx(P ) ̸= φx(P
′) for some x, so local non-bossiness fails.

To show that efficiency, DA-dominance and local non-bossiness are incompatible in a

given problem it is therefore enough to exhibit a rigid pair, and every impossibility below

is established in this way. The rigid pairs behind Theorems 1 and 3 have an additional

feature, which extends the conclusion to the larger class of DA-improving mechanisms: at

each of the two profiles, the admissible correction is not merely the only efficient matching

that weakly dominates DA, but the only matching other than DA that does.

Definition 5. A rigid pair (P, P ′) is tight ifD(P ) = {DA(P ), ν} andD(P ′) = {DA(P ′), ν ′}
for some matchings ν ̸= DA(P ) and ν ′ ̸= DA(P ′).

Corollary 2. If a school choice problem Γ admits a tight rigid pair, then no DA-improving

mechanism is locally non-bossy. In particular, no mechanism is simultaneously efficient,

DA-dominating and locally non-bossy.

Proof. Let (P, P ′) be a tight rigid pair for i, with ν and ν ′ as in Definition 5. Since ν

weakly Pareto dominates DA(P ) and differs from it, it Pareto dominates it, so DA(P )

is not Pareto efficient. Moreover ν is Pareto efficient, because a matching that Pareto

dominated ν would weakly Pareto dominate DA(P ) and would therefore be either DA(P ),

15



which ν Pareto dominates, or ν itself. Hence E(P ) = {ν}, and likewise E(P ′) = {ν ′},
so rigidity gives νi = ν ′

i = x and νx ̸= ν ′
x for some x. Let φ be DA-improving. Then

φ(P ) ∈ D(P ) and φ(P ) ̸= DA(P ), so φ(P ) = ν, and likewise φ(P ′) = ν ′. Hence φ is

not locally non-bossy. The last statement holds because every efficient DA-dominating

mechanism is DA-improving.

3.2 Which reports can be bossy

A last restriction concerns the manipulation itself. Under DA a student’s report matters

only through the schools she applies to, hence only through the schools she ranks above

the one she obtains.

Proposition 3. Let (P, P ′) be a rigid pair for i and let e = DAi(P ). Then

{y ∈ C ∪ {∅} : y Pi e} ̸= {y ∈ C ∪ {∅} : y P ′
i e}.

Proof. Suppose the two sets coincide. We first claim that DA(P ′) = DA(P ) =: µ.8 The

school e is acceptable under P ′
i , since otherwise ∅P ′

i e and hence ∅Pi e, contradicting

individual rationality of µ at P . The matching µ is then stable at P ′: individual rationality

holds because µi = e is acceptable under P ′
i and the other reports are unchanged, a

blocking pair (i, y) at P ′ would require y P ′
i e and hence y Pi e and would block at P as well,

and blocking pairs not involving i are the same at both profiles. Student optimality at P ′

therefore gives DAi(P
′)R′

i e, so DAi(P
′) lies in {y : y P ′

i e} ∪ {e} = {y : y Pi e} ∪ {e} and
hence DAi(P

′)Ri e; strategy-proofness of DA gives e = DAi(P )Ri DAi(P
′), so DAi(P

′) = e.

The hypothesis is symmetric once this is known, so DA(P ′) is stable at P as well, and

student optimality at each profile gives DAh(P ) = DAh(P
′) for every h.

The set of schools weakly preferred to µh is now the same under P and P ′ for every

student, including i, so D(P ) = D(P ′) =: D. Rigidity implies that all elements of E(P )

and all elements of E(P ′) assign i to one and the same school x, since otherwise a pair with

νi ̸= ν ′
i would be available. Let ν ∈ E(P ), so νi = x, and suppose ν /∈ E(P ′); let w ∈ D

Pareto dominate ν at P ′. For every h ≠ i we have wh Rh νh, because those students report

the same preferences at both profiles. If we also had wi Ri x, then w would weakly Pareto

dominate ν at P , and the student for whom the dominance at P ′ is strict would make

it strict at P as well, contradicting the efficiency of ν at P . Hence xPiwi, and wi P
′
i x.

Choose ν ′ ∈ E(P ′) weakly Pareto dominating w at P ′. Then ν ′
i R

′
i wi P

′
i x, so ν ′

i ̸= x, a

8The claim is a standard consequence of student optimality and strategy-proofness, and it is the
same device, applied to arbitrary reports rather than to truncations, that Duque-Rosas, Pereyra, and
Torres-Mart́ınez (2026) use in the proof of their Theorem 1.
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contradiction. Hence E(P ) ⊆ E(P ′) and, symmetrically, E(P ′) ⊆ E(P ). Taking ν ′ = ν

then contradicts rigidity.

The proof shows more than the statement needs, and the two should be kept apart.

Reordering, adding or deleting schools that a family declares worse than the school DA

gives it leaves the DA outcome and the whole set D of admissible corrections untouched,

because the same applications are made and the same rejections are triggered, so the

designer faces the same menu. It does not follow that every mechanism in the class ignores

that part of the report, since a selection from E may respond to it. Proposition 3 says

that a rigid pair cannot be built that way. A report that produces one must change the

set of schools that the family declares better than its DA assignment, that is, it must

change which rejections the family provokes on its way down its list. In every problem of

Sections 4 and 5 the manipulating student does exactly this, by moving one school from

below to above the school DA assigns her, as Figure 1 shows.

Pi

P ′
i

better
←

x e e′ · · ·

x e′ e · · ·

the only change

circled:
the school
DA assigns

to i

Figure 1: The shape of a bossy deviation. Student i is assigned e = DAi(P ) at P and
e′ = DAi(P

′) at P ′, while every admissible welfare correction assigns her the same x at both
profiles. Proposition 3 forces the two reports to differ above e, and Proposition 5 forces e and e′

to be different schools, both distinct from x. In the problems of this paper the reports differ in
the smallest way compatible with this, by moving one school from just below to just above the
school DA assigns.

4 The impossibility

We now show that implementing an available improvement over DA is already incompatible

with local non-bossiness in a small problem containing a school with two seats. We exhibit

a school choice problem with two preference profiles that differ in the report of a single

student. At each profile exactly one matching other than DA weakly Pareto dominates it,

so every DA-improving mechanism, and in particular every efficient DA-dominating one,

is forced to select it, and the two forced selections give the deviating student the same
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school with a different classmate. The problem is balanced and every school is acceptable

to every student, so neither unassigned students nor outside options play any role.

Theorem 1. There is a school choice problem in which no DA-improving mechanism is

locally non-bossy. In particular, no mechanism is simultaneously efficient, DA-dominating

and locally non-bossy in it.

Proof. Let Γ1 be the school choice problem with

I = {i1, i2, i3, i4, i5}, C = {c1, c2, c3, c4}, qc1 = 2, qc2 = qc3 = qc4 = 1,

the priorities of Table 1, and the preference profile P of the same table. The profile

P ′ = (P ′
i1
, P−i1) differs from P = (Pi1 , P−i1) only in the report of i1.

Priorities Preferences

≻c1 : i2, i3, i1, i4, i5 Pi1 : c1, c2, c3, c4
≻c2 : i1, i4, i2, i3, i5 P ′

i1
: c1, c3, c2, c4

≻c3 : i1, i5, i3, i2, i4 Pi2 : c2, c1, c3, c4
≻c4 : i4, i5, i1, i2, i3 Pi3 : c3, c1, c2, c4

Pi4 : c2, c4, c1, c3
Pi5 : c3, c4, c1, c2

Table 1: The problem Γ1 and the two preference profiles.

Total capacity equals the number of students and all schools are acceptable to all

students. The two reports of i1 differ only in the order of c2 and c3, the two schools

immediately below her top choice.

The two DA outcomes. At P , school c2 holds i4 and rejects i2, school c3 holds i5 and

rejects i3, and c1 then receives i1, i2 and i3 and keeps its two highest-priority applicants.

Student i1 next applies to c2, displaces i4 because i1 ≻c2 i4, and i4 is accepted at c4. At P
′

the run is identical until i1 is rejected by c1: she then applies to c3, displaces i5 because

i1 ≻c3 i5, and i5 is accepted at c4, while i4 keeps c2. Hence

DA(P ) : c1 = {i2, i3}, c2 = {i1}, c3 = {i5}, c4 = {i4},

DA(P ′) : c1 = {i2, i3}, c2 = {i4}, c3 = {i1}, c4 = {i5}.

The unique efficient improvement at P . By Lemma 1(i) every matching in D(P )

assigns two students to c1 and one to each other school. Student i5 holds her top choice c3

and is fixed. Consequently, i3, whose only improvement over c1 is c3, is fixed at c1 and
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occupies one of its two seats. The remaining students i1, i2 and i4 fill the free seat of c1

and the seats of c2 and c4, and their upper contour sets allow i1 only c1 or c2, i2 only c2 or

c1, and i4 only c2 or c4. If i1 takes the seat at c1, then i4 cannot take c2, since i2 would

then have no assignment weakly preferred to c1. Then, i2 takes c2 and i4 stays at c4. If

i1 does not take that seat, i2 does, and i1 and i4 stay where DA left them. Therefore

D(P ) = {DA(P ), ν} with

ν : c1 = {i1, i3}, c2 = {i2}, c3 = {i5}, c4 = {i4},

and since ν makes i1 and i2 strictly better off, E(P ) = {ν}.
The unique efficient improvement at P ′. The argument is symmetric. Student i4 holds

her top choice c2 and is fixed, which leaves i2 with no improvement over c1 and fixes her

at c1. The remaining students i1, i3 and i5 fill the free seat of c1 and the seats of c3 and

c4, with i1 allowed only c1 or c3, i3 only c3 or c1, and i5 only c3 or c4. If i1 takes the seat

at c1, then i5 cannot take c3, since i3 would then have no assignment weakly preferred to

c1. Therefore D(P ′) = {DA(P ′), ν ′} with

ν ′ : c1 = {i1, i2}, c2 = {i4}, c3 = {i3}, c4 = {i5},

and E(P ′) = {ν ′}.
Conclusion. We have νi1 = c1 = ν ′

i1
while νc1 = {i1, i3} ≠ {i1, i2} = ν ′

c1
, so (P, P ′) is

a rigid pair for i1. Since D(P ) and D(P ′) have two elements each, the pair is tight, and

Corollary 2 applies.

There are three relevant aspects in the argument of the proof. First, dominance is

evaluated at the reported profile, and local non-bossiness is also a property of reports, so

no separate notion of true preferences is needed. Second, efficiency plays no role beyond

ruling out DA itself. At each profile of Γ1 there is a single improvement over DA, so

a mechanism that implements some improvement whenever one exists has no choice to

make, and this is why the theorem is stated for DA-improving mechanisms. Finally, the

deviating student moves a single school from below to just above the school DA assigns

her, which is the smallest manipulation that Proposition 3 allows.

5 Bounding the impossibility

This section asks which problems exhibit the conflict between improving upon DA and

local non-bossiness, and bounds them from both sides by conditions on priorities and

19



capacities, that is, on the objects a district designs rather than on the reports it receives.

The necessary condition applies to every DA-dominating mechanism, and the sufficient

condition to every DA-improving one.

Two benchmarks delimit the question. The first is the acyclicity condition of Defini-

tion 3.

Proposition 4. If ≻ is acyclic, then DA is the only DA-dominating mechanism, and it is

locally non-bossy.

Proof. By Ergin (2002), acyclicity implies that DA(P ) is Pareto efficient at every preference

profile. Let φ be DA-dominating and fix P . Then φ(P ) weakly Pareto dominates the

Pareto-efficient matching DA(P ), so no student is strictly better off under φ(P ), and since

preferences are strict every student receives the same assignment. Hence φ(P ) = DA(P ),

and local non-bossiness follows from Proposition 1.

The second benchmark is Remark 2. Unit capacities also leave no room for the conflict,

whether or not the priority profile is acyclic. The two benchmarks are degenerate in

opposite ways. Under acyclicity there is nothing to correct, because DA is already efficient.

Under unit capacities there is nothing to be bossy about, because a student who keeps

her school is the whole cohort of that school. A condition that describes the conflict must

then restrict priorities and capacities together.

5.1 Rotations

A welfare correction moves students among occupied seats along trading cycles, and a

cycle that passes through a school c leaves a mark on the priority structure. At every

school of the cycle, the student who holds the seat under DA outranks the student who

arrives there through the correction, and so does every other student the school admits.

We record this as a condition on (≻, q).

Definition 6. The school choice problem Γ admits a rotation through c ∈ C if there

are an integer L ≥ 2, distinct schools a1 = c, a2, . . . , aL, distinct students k1, . . . , kL, and

pairwise disjoint sets Na1 , . . . , NaL ⊆ I \ {k1, . . . , kL} with |Naℓ| = qaℓ − 1, such that for

every ℓ, indices taken modulo L,

every member of Naℓ ∪ {kℓ} has higher priority than kℓ−1 at aℓ.

We call kL the terminal student of the rotation and aL its origin.
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The reading is direct. We can think of kℓ as a student holding a seat at aℓ who would

rather be at aℓ+1, and of Naℓ as the students who fill the remaining seats of aℓ. The

displayed requirement says that aℓ is filled by students who all outrank kℓ−1 there, so her

claim on aℓ is denied, and that the seat she wants is held by kℓ, whom she can replace only

if kℓ moves on. Thus, a rotation is a chain of denied claims that closes on itself, written

in terms of priorities. The terminal student is the one who ends up admitted to c, and

the origin is the school she comes from. For L = 2 the chain is a single reversal between

c and one other school, and longer rotations let it travel through several schools before

returning. Figure 2 displays the object.

a1 = c

a2

· · ·

aL

k1

k2kL−1

kL

kℓ holds aℓ under DA and aℓ+1 under ν, indices modulo L

Naℓ
∪ {kℓ} ≻aℓ

kℓ−1, |Naℓ
| = qaℓ

− 1, the Naℓ
pairwise disjoint

kL is the terminal student and aL the origin

Figure 2: A rotation through c. Each arrow is a student who holds the school at its tail under
DA and the school at its head under an improvement ν, so the cycle of arrows is the trading
cycle of Lemma 1(iv). What Definition 6 adds is the line of priority requirements: at every school
of the cycle the seats are held by students who outrank the one who wants to move in, which is
why DA denies each link.

The next lemma reads a welfare correction back into the priority structure. Whenever

a correction changes the cohort of a school, the problem contains a rotation through

it. Theorem 2 then turns this into a condition under which the three properties are

compatible.

Lemma 3. Let P be a preference profile, let µ = DA(P ), and let ν weakly Pareto dominate

µ at P . If νc ̸= µc for some school c, then Γ admits a rotation through c, and its terminal

student may be taken to be any prescribed student of νc \ µc.

Proof. Since DA(P ) is stable, it is individually rational and non-wasteful, so Lemma 1(iv)

applies and delivers distinct schools a1 = c, . . . , aL with L ≥ 2 and distinct students
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k1, . . . , kL with µkℓ = aℓ and νkℓ = aℓ+1, indices modulo L, and with kL any prescribed

student of νc \ µc. Part (iii) of the same lemma gives aℓ+1 Pkℓ aℓ.

Fix ℓ. Student kℓ−1 prefers aℓ to her assignment µkℓ−1
= aℓ−1, and µ is stable at P , so

(kℓ−1, aℓ) is not a blocking pair. Hence aℓ is full at µ and every member of µaℓ has higher

priority than kℓ−1 at aℓ. Since kℓ ∈ µaℓ , the set Naℓ := µaℓ \ {kℓ} has qaℓ − 1 elements and

every member of Naℓ ∪ {kℓ} = µaℓ ranks above kℓ−1 at aℓ. Finally, the sets Na1 , . . . , NaL

are contained in the cohorts of distinct schools at the single matching µ, hence pairwise

disjoint, and they contain no km, because km ∈ µam and km /∈ Nam .

Theorem 2. If a school choice problem Γ admits no rotation through any school with at

least two seats, then every DA-dominating mechanism in Γ is locally non-bossy, whether

or not it is efficient. Consequently, if no mechanism in Γ is simultaneously efficient,

DA-dominating and locally non-bossy, as happens in particular when no DA-improving

mechanism in Γ is locally non-bossy, then Γ admits a rotation through some school with at

least two seats.

Proof. Let φ be DA-dominating. Let c be any school with qc ≥ 2 and let P be any

preference profile. Since φ(P ) weakly Pareto dominates DA(P ) and Γ admits no rotation

through c, Lemma 3 gives φc(P ) = DAc(P ).

Suppose local non-bossiness failed, so that φi(P ) = φi(P
′) = x and φx(P ) ̸= φx(P

′)

for some i, some P and some P ′ = (P ′
i , P−i). By Proposition 2(i) we have x ∈ C, and by

Proposition 2(ii) we have qx ≥ 2. The previous paragraph then gives φx(P ) = DAx(P )

and φx(P
′) = DAx(P

′). Since i ∈ φx(P ) = DAx(P ) we have DAi(P ) = x, and likewise

DAi(P
′) = x. Proposition 1 therefore gives DAx(P ) = DAx(P

′), so φx(P ) = φx(P
′), a

contradiction. The second statement follows because efficient DA-dominating mechanisms

exist by Lemma 2, and they are DA-improving and in particular DA-dominating.

The problem Γ1 of Theorem 1 illustrates what the theorem requires. Take L = 2,

a1 = c1, a2 = c2, k1 = i2, k2 = i1, Nc1 = {i3} and Nc2 = ∅. At c1 both i3 and i2 have

higher priority than i1, and at c2 student i1 has higher priority than i2, so this is a rotation

through c1 with terminal student i1 and origin c2. It is the footprint of the correction

that produces the impossibility: DA leaves i1 at c2 and fills c1 with i2 and i3, and the

unique efficient improvement admits i1 to c1 in exchange for the seat that i2 takes at c2.

Replacing c2 by c3 and i2 by i3, with Nc1 = {i2}, gives a second rotation with the same

terminal student and origin c3, which is the correction forced at the other profile.

Theorem 2 also contains Remark 2 as a special case: under unit capacities there is no

school with two seats, so there is nothing to rotate through. It is strictly more general,
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and the gain is not vacuous. Let Γ2 be the problem with

I = {i1, . . . , i5}, C = {c1, c2, c3}, qc1 = 3, qc2 = qc3 = 1,

≻c1 : i1, i2, i3, i4, i5, ≻c2 : i1, i2, i3, i4, i5, ≻c3 : i2, i3, i1, i4, i5.

Its priority profile is not acyclic, since a = c2, b = c3 and (i, j, k) = (i1, i2, i3) form an

Ergin cycle, and DA is Pareto inefficient at some preference profiles: if i1 ranks c3 then

c2, student i3 ranks c2 then c3, student i2 finds only c2 acceptable and i4 and i5 find no

school acceptable, then DA assigns c2 to i1 and c3 to i3, and exchanging their assignments

makes both strictly better off. Lemma 8 in the Appendix shows that Γ2 admits no rotation

through c1, so by Theorem 2 every efficient DA-dominating mechanism in Γ2 is locally

non-bossy.

The priority reversal that makes DA inefficient in Γ2 involves only the two single-seat

schools, and the improvements it makes available never reach c1. For a student to be

admitted to c1 after being rejected there, two further students would have to hold its

remaining seats with a stronger claim than hers and a third would have to be willing to

leave, and the priority profile does not supply them. Here capacity protects the composition

of c1 rather than exposing it. Welfare corrections and oversubscribed schools can therefore

coexist, as long as the corrections do not reach the oversubscribed schools, and the region

of compatibility is larger than the two benchmarks above.

For every conflict that this paper produces the condition can be sharpened. All of

them come from rigid pairs, and at a rigid pair the position of the manipulator is fixed.

DA denies her the contested school under both reports, and the two reports send her to

two different schools. Her report chooses which seat she vacates, and that is what chooses

her classmate. The next result proves this, and it is what allows the single rotation of

Theorem 2 to be replaced by two.

Proposition 5. Let (P, P ′) be a rigid pair for i, and let x be the school or outside option

that every admissible welfare correction assigns to i at both profiles, as Definition 4 requires.

Then x ∈ C, qx ≥ 2,

DAi(P ) ̸= x, DAi(P
′) ̸= x, and DAi(P ) ̸= DAi(P

′).

Proof. Let φ be efficient and DA-dominating, so that φ(P ) ∈ E(P ) and φ(P ′) ∈ E(P ′)

by Lemma 2. Rigidity gives φi(P ) = φi(P
′) = x and φx(P ) ̸= φx(P

′), so x ∈ C by

Proposition 2(i) and qx ≥ 2 by Proposition 2(ii). By Proposition 2(iii) the two profiles

agree on whether DA assigns x to i, so it remains to rule out DAi(P ) = DAi(P
′) =: e,

23



which covers both e = x and e ̸= x.

Suppose that is the case, and let P ∗
i be the report whose acceptable set is {x, e}

with x ranked first, which is the report declaring only x acceptable when e = x. Write

P ∗ = (P ∗
i , P−i), µ = DA(P ), µ′ = DA(P ′) and λ = DA(P ∗). Every ν ∈ E(P ) has νi = x

and weakly Pareto dominates µ, so xRi e, and likewise xR′
i e. Moreover, when e ≠ x both

preferences are strict.

Step 1: µ and µ′ are stable at P ∗. Individual rationality holds because e is acceptable

under P ∗
i and the other reports are unchanged. The only pair involving i that can block

at P ∗ is (i, x), since nothing else is ranked above e by P ∗
i . Now (i, x) blocks µ at P ∗ if

and only if xP ∗
i e and either x has a vacant seat at µ or i outranks some member of µx at

x. The second requirement does not involve preferences, and it fails, because xPi e and

µ is stable at P . The same argument applies to µ′, using xP ′
i e and the stability of µ′

at P ′. Pairs not involving i are unaffected because the other students report the same

preferences at P , P ′ and P ∗.

Step 2: λi = e, and λh Rh µh and λh Rh µ
′
h for every h ≠ i. Student optimality at

P ∗, applied to the stable matchings µ and µ′, gives the second claim and λi R
∗
i e, so

λi ∈ {x, e}. Strategy-proofness of DA, applied to student i with preference Pi, gives

e = DAi(Pi, P−i)RiDAi(P
∗
i , P−i) = λi, which rules out λi = x when xPi e. Hence λi = e.

Step 3: D(P ∗) ⊆ D(P ) ∩ D(P ′). Let ν ∈ D(P ∗). For h ≠ i, νh Rh λhRh µh and

νh Rh λhRh µ
′
h. For i, νi R

∗
i λi = e gives νi ∈ {x, e}, and both are weakly preferred to e

under Pi and under P ′
i .

Step 4: E(P ∗) ⊆ E(P ) ∩ E(P ′). Let ν̂ ∈ E(P ∗), so ν̂ ∈ D(P ) by Step 3, and suppose

ν̂ /∈ E(P ). Some matching Pareto dominates ν̂ at P and therefore belongs to D(P ); let

ν ∈ E(P ) weakly Pareto dominate it at P , so that ν Pareto dominates ν̂ at P , and νi = x by

rigidity. Then ν ∈ D(P ∗), because νhRh ν̂hRh λh for h ≠ i and νi = xR∗
i e = λi. Moreover

ν Pareto dominates ν̂ at P ∗: the students other than i report the same preferences at

P and P ∗, and νi = x is the best school under P ∗
i , so the comparison is weak for every

student and strict for at least one, namely for a student other than i if the dominance at

P is strict there, and otherwise for i, in which case ν̂i = e and xP ∗
i e. This contradicts

ν̂ ∈ E(P ∗). The argument for E(P ′) is identical.

Step 5: conclusion. E(P ∗) is non-empty by Lemma 2, so any ν̂ ∈ E(P ∗) lies in

E(P ) ∩ E(P ′). Taking ν = ν ′ = ν̂ in Definition 4 gives νi = ν ′
i and νx = ν ′

x, which rigidity

forbids.

The report P ∗
i used in the proof is the smallest one consistent with what the manipulator

wants, since it declares acceptable only the school she ends up with and the school DA

gives her. The argument shows that this report leaves the designer at least one welfare
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correction that is admissible at both original profiles, which is what a rigid pair says cannot

happen.

The two routes leave a footprint of their own on the priority structure. Each of them

is a rotation through the contested school, the two admit the same student, and they start

from different places, which is the configuration we record in the next definition.

Definition 7. The school choice problem Γ admits a double rotation at c ∈ C if qc ≥ 2

and there are a student i and two rotations through c, both with terminal student i, whose

origins are distinct schools.

Corollary 3. If Γ admits a rigid pair, then Γ admits a double rotation.

Proof. Let (P, P ′) be a rigid pair for i, let c be the assignment that i receives under every

admissible welfare correction at both profiles, and let φ be efficient and DA-dominating. By

Proposition 5, qc ≥ 2 and DAi(P ) ̸= c, so i ∈ φc(P ) \DAc(P ) and hence φc(P ) ̸= DAc(P ).

Lemma 3, applied at P with prescribed terminal student i, yields a rotation through c

with terminal student i whose origin is DAi(P ), since the origin is the school i occupies

under DA(P ). The same argument at P ′ yields a rotation through c with terminal student

i and origin DAi(P
′), and the two origins differ by Proposition 5.

Corollary 3 sharpens Theorem 2 for every impossibility exhibited in this paper, since

all of them are established by exhibiting a rigid pair. It says that a double rotation is

necessary for an impossibility that comes from a rigid pair, which is not the same as a

necessary condition for every possible failure of the three properties.

Remark 3. Neither condition is sufficient, and one problem shows it for both. Let Γ3

have I = {i1, . . . , i5}, C = {c1, c2, c3}, qc1 = 2, qc2 = qc3 = 1, and

≻c1 : i1, i2, i3, i4, i5, ≻c2=≻c3 : i1, i2, i3, i5, i4.

Taking a1 = c1, a2 = c2, k1 = i4, k2 = i5 and Nc1 = {i1} gives a rotation through c1 with

terminal student i5 and origin c2, since i4 ≻c1 i5, i5 ≻c2 i4 and i1 ≻c1 i5. Replacing c2 by

c3 gives a second rotation with the same terminal student and origin c3, so Γ3 admits a

double rotation at c1. Nevertheless, the priority profile is acyclic: an Ergin cycle requires

two students ranked in opposite order by two schools, and the only such pair here is

{i4, i5}. It also requires a third student ranked strictly between them at one of the two

schools, and i4 and i5 are adjacent in all three orders. Proposition 4 therefore applies and

the three properties are compatible in Γ3.
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5.2 Separating double rotations

A double rotation gives the manipulator two routes into the contested school, and Remark 3

shows that this is not enough to generate the impossibility between the three properties.

What is missing is that the two routes must deliver different classmates. Along each route

one incumbent of c leaves for the school the manipulator vacates, so the route she does

not take has to be closed while she travels the other one. There are two ways of closing

it. In the first, the seat the departing classmate would move into is held by a student

whose priority lies strictly between the manipulator’s and the classmate’s, so only the

manipulator can empty it. In the second, the classmate already holds that seat, and it is

the arrival of the manipulator that sends her to c, where she displaces a classmate with

lower priority. We call the first route guarded and the second direct.

Definition 8. The school choice problem Γ has a separating double rotation if there are a

school c with qc ≥ 2, a student i, distinct students j1, j2 and distinct schools d1, d2 ∈ C \{c}
with

j1 ≻c i, j2 ≻c i, i ≻d1 j1, i ≻d2 j2,

such that each route m ∈ {1, 2} is either
• guarded : there is a student km with i ≻dm km ≻dm jm, or

• direct : no such student is required,

at least one route is guarded, the guards of the guarded routes are distinct from each other

and from i, j1 and j2, and, writing G for the set of guards and β ∈ {0, 1} for the number

of direct routes, there are pairwise disjoint sets Nc, Nd1 , Nd2 ⊆ I \ ({i, j1, j2} ∪G) with

|Nc| = qc − 2 + β, |Nd1| = qd1 − 1, |Nd2| = qd2 − 1,

such that every member of Nc has higher priority than i at c, every member of Ndm has

higher priority than km at dm when route m is guarded and than jm when it is direct, and,

when β = 1, at least one member of Nc has lower priority than both j1 and j2 at c.

The configuration describes a student i who is outranked at an oversubscribed school c

by two students j1 and j2, and who in turn outranks each of them at a different school.

Student i has two routes out of c, and along each of them she can trade her seat back with

a different one of the two students who displaced her. The scarcity sets say that each of

the three schools involved is filled by students whose claims cannot be displaced, so these

trades are the only ones available. The guarded and the direct case differ in who empties

the seat that the departing classmate moves into. It is an intermediate student km in the
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first case and the manipulator herself in the second. The extra classmate that a direct

route requires at c is the student who loses her seat there when the departing classmate is

pushed back, and it is her presence or absence that makes the two cohorts differ. Figure 3

displays the two forms the definition allows.

(a) both routes guarded

d1 c d2

j1

i at P

j2

i at P ′

guard k1 guard k2

Nc ∪ {j1, j2} ≻c i, |Nc| = qc − 2, qc ≥ 2

Nd1
∪ {i} ≻d1

k1 ≻d1
j1

Nd2
∪ {i} ≻d2

k2 ≻d2
j2

(b) route 2 direct

d1 c d2

j1

i at P

j2

i at P ′

guard k1 no guard

Nc ∪ {j1, j2} ≻c i, |Nc| = qc − 1, j1, j2 ≻c g for some g ∈ Nc

Nd1 ∪ {i} ≻d1 k1 ≻d1 j1

Nd2
∪ {i} ≻d2

j2

Figure 3: A separating double rotation at c, in the two forms Definition 8 allows. The arrows
are the moves of the welfare correction and the lines below are the priority requirements. In (a)
each route carries a guard, and the configuration is the twin cycle of Definition 9. In (b) the
second route is direct: no guard is required on it, school c carries one more of the students of
Nc, and one of them, g, is outranked by both j1 and j2. The labels on the red arrows anticipate
the proof of Theorem 3, where i travels route 1 when she ranks d1 second and route 2 when she
ranks d2 second. In (a) the classmate she keeps is the rival of the route she did not travel; in (b)
it is g under one report and j1 under the other.

Theorem 3. If Γ has a separating double rotation, then Γ admits a tight rigid pair. Hence

no DA-improving mechanism is locally non-bossy, and in particular no mechanism is

simultaneously efficient, DA-dominating and locally non-bossy.

The proof is in the Appendix, and it is worth describing the construction here. It

involves four kinds of student. The manipulator is the student i of Definition 8, who wants
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the contested school and reports it first, followed by one of her two origins. The origin

she names second is the route she takes. The two rivals are j1 and j2, who hold seats at

the contested school and each of whom prefers one of the two origins to it. A guard is

the intermediate student of a guarded route, who occupies the last seat of that origin and

finds nothing else acceptable. The remaining students are fillers, who find only one school

acceptable and occupy the seats that the scarcity sets describe.

The run of DA is then easy to follow. The contested school fills with students who all

outrank the manipulator, so it rejects her, and she goes to the origin she named, where

she displaces whoever holds its last seat. The only exchange left is the one in which she

returns to the contested school and the rival who wants that origin takes the seat she has

just vacated, so the welfare correction is unique and every mechanism in the class is forced

to implement it. The two kinds of route differ at one point only, namely in what keeps

the route she did not take closed. If that route is guarded, its last seat is held by a guard

whom only the manipulator can displace, so the rival of that route cannot move and stays

a classmate. If it is direct, no guard stands in the way, the rival is already at her origin

and never reaches the contested school, and its last seat goes to the extra classmate that

Definition 8 requires. When the manipulator switches routes, her arrival displaces that

rival, who returns to the contested school and pushes the extra classmate out of it. Either

way the two reports leave the manipulator at the same school with different classmates,

which is a rigid pair.

The classmate who changes is not the same in the two cases, and this is what the

distinction is about. When both routes are guarded, the report of the manipulator decides

which of her two rivals leaves the school and which one stays, so the cohort differs in the

identity of the rival who remains. When one route is direct, her report decides whether

that rival is pushed back into c at all, and the seat she would occupy there goes to a

student with lower priority instead, so the cohort differs in who holds the last seat. Both

routes cannot be direct. If they were, the manipulator’s arrival at dm would push jm back

to c along either route, the student displaced at c would be the same in both, and the two

cohorts would coincide.

The special case in which both routes are guarded has a transparent description in

terms of Ergin cycles, and is the configuration behind Γ1.

Definition 9. A twin cycle is a separating double rotation in which both routes are

guarded, that is, one with distinct students i, j1, j2, k1, k2 and distinct schools c, d1, d2 such

that

j1 ≻c i, j2 ≻c i, i ≻d1 k1 ≻d1 j1, i ≻d2 k2 ≻d2 j2,

with |Nc| = qc − 2, |Nd1| = qd1 − 1 and |Nd2| = qd2 − 1 as in Definition 8.
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Lemma 4. Every separating double rotation contains an Ergin cycle, and a twin cycle

contains two of them, namely (d1, c) with students (i, k1, j1) and (d2, c) with students

(i, k2, j2). Consequently an acyclic problem has neither. The converse fails: a problem with

unit capacities has no separating double rotation whether or not it is acyclic.

Proof. Relabel so that route 1 is guarded, and take a = d1, b = c and the triple (i, k1, j1)

in Definition 3. The priority requirements i ≻d1 k1 ≻d1 j1 and j1 ≻c i hold by hypothesis.

For the scarcity sets take Na = Nd1 , which has qd1 − 1 elements all ranked above k1 at d1,

and Nb = Nc ∪ {j2} if β = 0 and Nb = Nc if β = 1; in both cases Nb has qc − 1 elements,

all ranked above i at c and none of them equal to i, k1 or j1, and the two sets are disjoint.

When both routes are guarded the same argument applies to (d2, c) with (i, k2, j2). The

final claim holds because Definition 8 requires qc ≥ 2.

Lemma 5. A separating double rotation at c contains a double rotation at c.

Proof. Set L = 2, a1 = c, a2 = d1, k
′
1 = j1 and k′

2 = i in Definition 6, so that the terminal

student is i and the origin is d1. At a1 = c take Na1 = Nc ∪ {j2} if β = 0 and Na1 = Nc if

β = 1, which has qc − 1 elements in both cases, all ranked above i at c and none equal to

j1 or i; the requirement at a1 also asks j1 to rank above i at c, which holds. At a2 = d1

take Na2 = Nd1 , which has qd1 − 1 elements, all ranked above j1 at d1, and the requirement

i ≻d1 j1 holds by hypothesis. The two sets are disjoint. Replacing (d1, j1) by (d2, j2) gives

a second rotation with the same terminal student and origin d2 ̸= d1.

These conditions are nested, as Figure 4 shows, and each of the three implications is

strict. The problem Γ4 of the Appendix has a separating double rotation with one direct

route, so by Theorem 3 the three properties are incompatible in it, as Proposition 12

records, and Lemma 9 shows that it has no twin cycle. The problem Γ3 of Remark 3 has a

double rotation and no separating double rotation: its only school with several seats is c1,

and since ≻c2 and ≻c3 coincide and differ from ≻c1 only in the relative order of i4 and i5,

the requirements j ≻c1 i and i ≻d j force (i, j) = (i5, i4) for both d = c2 and d = c3, so j1

and j2 cannot be distinct. For the last implication, take two schools c and d with qc = 2

and qd = 1, three students a, b, i and the orders ≻c: a, b, i and ≻d: i, b, a. Setting L = 2,

k1 = a, k2 = i, Nc = {b} and Nd = ∅ gives a rotation through c, while a double rotation is

impossible because it needs two distinct origins and there is only one school other than c.

The problem Γ2 of Section 5.1 is outside all four conditions, since by Lemma 8 it has no

rotation through its only school with several seats.

The problem Γ1 of Section 4 contains a twin cycle with c = c1, i = i1, j1 = i2, j2 = i3,

d1 = c2, d2 = c3, k1 = i4, k2 = i5 and empty scarcity sets, so Theorem 1 is a special case

of Theorem 3. We keep the example because its preferences are complete and its market

29



rotation through a school with several seats

double rotation

separating double rotation

twin cycle

Γ1 Γ4,Γ5 Γ3

Figure 4: The four conditions and the problems of the paper. No DA-improving mechanism
is locally non-bossy in the two innermost regions, by Theorem 3, and every DA-dominating
mechanism is locally non-bossy outside the outermost one, by Theorem 2, where Γ2 lies.

is balanced, which shows that the conflict does not rely on unacceptable schools or on

unassigned students, whereas the profiles used in the proof of Theorem 3 do use short lists.

5.3 How common is the conflict

A condition met only by carefully built examples would say little about the systems that

motivate the question. The configuration of Definition 8 is not of that kind, and the next

observation is enough to see it. All it asks is that the student ranked last at a school with

at least two seats not be ranked near the bottom at two other schools as well.

Proposition 6. Let c be a school with qc ≥ 2 and let i be the student with the lowest

priority at c. Suppose there are two distinct schools d1, d2 ∈ C \ {c} such that at least four

students rank below i at d1 and at least four students rank below i at d2, and suppose that

|I| ≥ qc + qd1 + qd2 + 1.

Then Γ admits a separating double rotation, and hence no DA-improving mechanism is

locally non-bossy.

Proof. Let j1 and k1 be the two students with the lowest priority at d1, labelled so that

k1 ≻d1 j1. Since at least four students rank below i at d1, both rank below i there, so

i ≻d1 k1 ≻d1 j1 and route 1 is guarded with intermediate student k1. At d2, at least four

students rank below i, so at least two of them lie outside {j1, k1}. Let j2 and k2 be the

two students with the lowest priority at d2 among those outside {i, j1, k1}, labelled so that

k2 ≻d2 j2. Both rank below i at d2, so route 2 is guarded with intermediate student k2.
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The five students i, j1, j2, k1, k2 are distinct, and j1 and j2 rank above i at c because i has

the lowest priority there, as does every other student.

It remains to select the scarcity sets, and the three groups from which they are drawn

all contain the same students. Write F = {i, j1, j2, k1, k2} and let n = |I|. Every student

outside F ranks above i at c, because i has the lowest priority there; above k1 at d1,

because only j1 ranks below k1 there and j1 ∈ F ; and above k2 at d2, because j2 and

k2 are the two lowest-ranked students at d2 among those outside {i, j1, k1}, a set that

contains every student outside F . Any pairwise disjoint subsets of I \ F of sizes qc − 2,

qd1 − 1 and qd2 − 1 therefore serve, and such subsets exist because those sizes add up to

qc + qd1 + qd2 − 4, which the hypothesis bounds by n− 5 = |I \ F |. Students of I \ F left

over simply belong to none of the three sets. Definition 8 is satisfied with both routes

guarded, and Theorem 3 applies.

Beyond the requirement on the number of students, the hypothesis is a statement

about how different the priority orders of three schools are, and it fails only when the

student ranked last at one of them is also ranked among the last four at one of the other

two. When priorities are drawn independently across schools, that is unlikely, and the

following is immediate.

Corollary 4. Let c be a school with qc ≥ 2, let d1, d2 ∈ C \ {c} be distinct, and suppose

that |I| ≥ qc + qd1 + qd2 + 1. If ≻c, ≻d1 and ≻d2 are drawn independently, each uniformly

on the orders of I, then, whatever the priority orders of the other schools, the probability

that Γ admits a separating double rotation is at least (1− 4/|I|)2.

Proof. The student i with the lowest priority at c is determined by ≻c, which is independent

of ≻d1 and ≻d2 . The rank of i under ≻dm is therefore uniform on {1, . . . , |I|}, and at least

four students rank below i at dm unless that rank exceeds |I| − 4, an event of probability

4/|I|. The two events are independent, so the hypothesis of Proposition 6 holds with

probability at least (1− 4/|I|)2.

Note that the bound depends on the number of students alone. It holds for any number

of schools and for any capacities under which the three schools leave at least one student

without a seat, so the probability tends to one along every sequence of problems in which

the number of students grows, including sequences in which the capacities grow with it,

possibly proportionally. Thus, under independent uniform priorities the obstruction is

common rather than exceptional, which is worth knowing before reading Theorem 3 as

a curiosity about a five-student example. Two caveats limit the statement to what the

proofs actually establish. The first is that the corollary counts problems and not preference

profiles. It says that with high probability the priority structure admits some pair of
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reports at which the conflict is forced, not that such reports are often submitted. The

second is that neither the proposition nor the corollary characterizes compatibility. A

priority structure whose orders nearly coincide need not be safe, since adding students

who find no school acceptable at the bottom of every order leaves Γ1 intact while making

the orders agree everywhere else, and correlated priority structures fall entirely outside the

scope of the corollary. This section gives a bound on each side, together with the statement

that the region between them is not reached by accident. The only compatibility result it

supports is Theorem 2, and Γ2 shows the kind of structure that result covers, with the

heterogeneity confined to schools that a correction never reaches.

6 Efficiency adjustments and consent

The efficiency adjustment that this literature has developed furthest is the Efficiency-

Adjusted Deferred Acceptance (EADA) mechanism of Kesten (2010), which repairs DA

by asking students to waive priorities whose violation cannot affect their own assignment.

Cerrone, Hermstrüwer, and Kesten (2024) study consent under it in the laboratory, and

report that the Flemish Ministry of Education took the first steps towards implementing

it in 2019. This section reads our results through that mechanism. The question is not

whether the repair can be made bossy, which Theorem 3 already answers, but how little

consent it takes and whether it matters who gives it.

6.1 Efficiency-adjusted deferred acceptance

We state the mechanism in the simplified formulation of full-consent EADA due to Tang

and Yu (2014), which produces the same matching as Kesten’s mechanism when every

student consents to waive the priorities that do not determine her own assignment.

Algorithm 2 Full-consent efficiency-adjusted deferred acceptance, EADA(P )

1: Run DA in the current market.

2: A school is underdemanded at the resulting matching if no student strictly prefers that
school to her current assignment. Permanently settle every underdemanded school
together with the students assigned to it, and remove those schools and students
from the market. Students left unassigned are settled at the outside option, which is
underdemanded by definition.

3: If students remain, rerun DA in the reduced market and repeat Step 2. Stop once all
students and schools are settled.

This algorithm is well defined, and the matching it produces weakly Pareto dominates
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DA and is Pareto efficient (Kesten, 2010; Tang & Yu, 2014), so full-consent EADA is

DA-improving and Theorem 3 applies to it.

Corollary 5. In every problem with a separating double rotation, full-consent EADA is

locally bossy. In particular it is locally bossy in Γ1, and in every problem with a twin cycle.

In Γ1 the outcome can also be seen directly. At P the only underdemanded school at

DA(P ) is c4, so settling i4 there and rerunning DA among {i1, i2, i3, i5} over {c1, c2, c3}
yields ν. At P ′ the only underdemanded school is again c4, so settling i5 there and

rerunning DA among {i1, i2, i3, i4} yields ν ′. Student i1 receives c1 at both profiles and

her classmate changes from i3 to i2.

6.2 Two waivers are enough

Full consent is a strong hypothesis. In Kesten’s original formulation each student decides

whether to waive priorities she cannot use, the mechanism only removes the interruptions

caused by students who consent, and the outcome ranges from DA, when nobody consents,

to the efficient correction, when everybody does. Write EADAW for the mechanism

obtained when the set of consenting students is W ⊆ I.

Algorithm 3 Efficiency-adjusted deferred acceptance with consent set W , EADAW (P )

1: Run DA with the current lists. If no interrupting pair (i, c) with i ∈ W remains, stop.

2: Otherwise, let t be the last round at which such a pair is rejected, and delete c from
the list of i for every interrupting pair (i, c) with i ∈ W rejected at t.

3: Return to Step 1.

Here (i, c) is an interrupting pair in a run of DA if c holds i tentatively from some round

a onwards, c rejects some student other than i at a round t ≥ a, and c rejects i at a later

round. With W = ∅ the mechanism is DA, and with W = I it produces the matching of

Algorithm 2 (Kesten, 2010; Tang & Yu, 2014).

The deletion in Step 2 undoes the rejection that the consenting student caused. She

never applies to that school, so the student she displaced there keeps the seat, and the

chain of rejections that followed does not occur. Since consent is the instrument a district

controls, the question is how much of it the conflict needs. The answer is two students,

and we can name them.

Proposition 7. Let Γ have a separating double rotation and let (P, P ′) be the pair of
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profiles constructed in the proof of Theorem 3. Let

W = {k1} ∪

{k2} if route 2 is guarded,

{g} if route 2 is direct,

where km is the intermediate student of route m and g is the classmate crowded out of c

in Step 3 of that proof. Then W has two members, EADAW selects at both profiles the

unique element of the efficient frontier, and these two matchings assign i to c with different

classmates, so EADAW is locally bossy. The same holds for every W ′ ⊇ W .

Proof. Consider the run at P described in Step 1 of the proof of Theorem 3. Student k1 is

tentatively accepted at d1 in the first round, school d1 rejects j1 in that same round, and

k1 is rejected by d1 in the third round, when i applies. Hence (k1, d1) is an interrupting

pair. Since k1 ∈ W , the mechanism removes d1 from her list and reruns. In the new run

d1 receives Nd1 ∪ {j1}, that is qd1 applicants, and rejects nobody, so j1 keeps d1 and never

applies to c. School c then receives Nc ∪ {i}, together with j2 when route 2 is guarded,

which is exactly qc applicants, and accepts them all. The outcome is the matching ν of

Step 2, the unique element of E(P ).

Consider now the run at P ′. If route 2 is guarded, the same argument applies with

(k2, d2) in place of (k1, d1) and yields ν ′. If route 2 is direct, no student interrupts at

d2, because d2 rejects nobody before i applies to it; the interruption occurs at c instead.

Student g is tentatively accepted at c in the first round, school c rejects i in the second

round, and g is rejected by c in the fourth round, when j2 applies after being displaced

from d2. Hence (g, c) is an interrupting pair, and since g ∈ W the mechanism removes

c from her list. In the new run c receives (Nc \ {g}) ∪ {j1, i}, that is qc applicants, and
accepts them all, so i is never rejected by c and the outcome is the matching ν ′ of Step 4.

In both cases EADAW selects the unique efficient correction, and Step 5 of that proof

shows that the two corrections assign i to c with different classmates.

For the last claim, note that at each of the two profiles the run of DA contains exactly

one interrupting pair, namely the one used above. At P the only school that rejects two

students is d1. It holds Nd1 ∪ {k1} when it rejects j1, and of those students only k1 is

rejected by d1 later, since the members of Nd1 keep their seats until the end. At P ′ the

corresponding school is d2 when route 2 is guarded and c when it is direct, and the same

argument leaves k2 and g as the only candidates. Enlarging W therefore does not change

which pair is deleted. In the rerun that follows the deletion there is at most one rejection

in the whole run. The two paragraphs above list the applications: every school receives

at most its capacity, except the origin of the rival who remains at c when her route is
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guarded, which receives one applicant too many and rejects that rival in the first round.

No school therefore rejects a student it was already holding when it rejected somebody

else, so no interrupting pair is left, the mechanism stops, and its outcome is the matching

of Step 2, respectively Step 4.

Only one of the two waivers does the work at each profile, the guard’s at P and the

other student’s at P ′. The proposition says that a single pair of students, fixed in advance,

is enough to make the mechanism locally bossy at that pair of profiles. It does not say

that two waivers are needed in every problem, nor that any two would do. The two

students named have one thing in common, which is that neither of them can be made

better off by withholding her consent. Student k1 waives a priority at a school that admits

her only until i applies, and g waives a priority at a school that admits her only until

j2 is pushed back into it. In both cases the seat was never theirs to keep. This is the

sense in which Kesten (2010) shows that consenting is costless, and it concerns the school

a student obtains. Whether a district can expect the waivers to be given is a separate

question about information and about how students decide, which is one of the things

the experimental evidence cited above studies. What the proposition says is that the

waiver that costs its owner nothing is what allows the reporting student to change her own

classmates while keeping her school. The waiver does not hand over a gain belonging to

the consenting student, since she had none to give; rather, it frees up benefits for others,

thereby transferring control over who sits in the contested school.

The two ends of the consent range are worth putting side by side. With no consent the

mechanism is DA, which is locally non-bossy at every priority structure by Proposition 1.

With the two waivers of Proposition 7, and so also with full consent, the protection is gone

wherever Definition 8 is met. Within this mechanism the protection and the repair are

therefore more than merely in tension, and the proposition adds that very little consent is

needed to trade one for the other.

Remark 4. Partial consent does not restore the property by making the mechanism

constrained efficient rather than efficient. Theorem 3 applies to DA-improving mechanisms,

and EADAW need not be one: with W = ∅ it is DA, which is not DA-improving in any

problem in which DA is inefficient at some profile. Proposition 7 does not go through the

theorem. It shows directly that EADAW selects ν and ν ′ at the tight rigid pair constructed

in the proof of Theorem 3. What the argument uses is only that the mechanism implements

the available improvement at the two profiles, which is what any consent-based adjustment

is designed to do.

The remark can be made precise, because what the proposition uses about EADA is
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not the algorithm but two features of the profiles. At each of them DA admits a single

improvement, and that improvement violates the priority of one student only, who belongs

to W . We say that a matching µ respects the priority of student h at P if there is no school

a such that aPh µh and h ≻a h
′ for some h′ ∈ µa. Ortega and Arribillaga (2026) evaluate

consent-based mechanisms by whether they exhaust the gains that consent makes available.

Given a consent set W , letM(P,W ) be the set of Pareto-efficient matchings that Pareto

dominate DA(P ) and respect the priority of every student outside W . A mechanism that

uses the consent set W is efficient whenever possible if it selects an element ofM(P,W ) at

every profile P at which this set is non-empty (Ortega & Arribillaga, 2026, Definition 6).

They show that EADAW does not have this property in general (their Proposition 2), so

the next result is not a consequence of Proposition 7.

Proposition 8. Let Γ have a separating double rotation, and let (P, P ′) and W be as in

Proposition 7. For every W ′ ⊇ W , the setsM(P,W ′) andM(P ′,W ′) have a single element

each, namely the unique elements of E(P ) and E(P ′). Consequently every mechanism that

uses the consent set W ′ and is efficient whenever possible is locally bossy.

Proof. We use the notation of the proof of Theorem 3, with route 1 guarded, and recall

that D(P ) = {DA(P ), ν} and D(P ′) = {DA(P ′), ν ′}. A matching inM(P,W ′) is Pareto

efficient and Pareto dominates DA(P ), so it belongs to E(P ) = {ν}, and similarly at P ′.

It remains to show that ν respects the priority of every student outside W at P , and ν ′ at

P ′; since W ⊆ W ′, this gives ν ∈M(P,W ′) and ν ′ ∈M(P ′,W ′).

A student who finds no school acceptable prefers no school to her assignment. At

P , students i and j1 hold their first choices c and d1 under ν, and every member of

Nc ∪Nd1 ∪Nd2 , together with k2 when route 2 is guarded, holds the only school she finds

acceptable. Student j2 holds her first choice d2 when route 2 is direct. When it is guarded,

she holds c, and the only school she prefers is d2, whose members Nd2 ∪{k2} all rank above

her there. The only remaining student is k1, who is unassigned and outranks j1 ∈ νd1 at

d1. Hence ν violates the priority of k1 only, and k1 ∈ W .

At P ′, students i and j2 hold c and d2, which are their first choices, and j1 holds c and

prefers only d1, which is full with Nd1 ∪ {k1}, all ranked above her there. Every member

of Nd1 ∪Nd2 , every member of Nc other than g when route 2 is direct, and k1 hold the

only school they find acceptable. The only remaining student is the one displaced in

Step 3 of that proof, who is unassigned: she is k2, who outranks j2 ∈ ν ′
d2

at d2, when

route 2 is guarded, and g, who outranks i ∈ ν ′
c at c, when route 2 is direct. In both

cases she is the second member of W . A mechanism that uses the consent set W ′ and is

efficient whenever possible therefore selects ν at P and ν ′ at P ′, and these assign i to c

with different classmates.
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6.3 Consent that the district does not choose

Proposition 7 names the two students whose waivers break the protection. A district does

not choose who consents, and the next result shows that the waivers are found, with high

probability, in any consent set that is not too small and is unrelated to priorities.9 Recall

from Definition 9 that a twin cycle is a separating double rotation in which both routes

are guarded, so that the set W of Proposition 7 consists of its two guards.

Proposition 9. Let c, d1, d2 be distinct schools with qc ≥ 2, let n = |I| and suppose

that qc + qd1 + qd2 ≤ n − 1. Let W ⊆ I have w members, and draw ≻c, ≻d1 and ≻d2

independently, each uniformly on the orders of I. Then, for every integer m ≥ 1 with

2m+ 3 ≤ n− qd1 − qd2, with probability at least

1− 4m+ 4

n
− 2

(
1− w

n

)m

the school choice problem Γ has a twin cycle at c whose two guards belong to W . In that

event, EADAW is locally bossy, and so is every mechanism that uses the consent set W

and is efficient whenever possible.

The proof is in the Appendix. It looks for the guards among the students ranked just

above the bottom of d1 and of d2, in windows of m students, and uses the remaining

students to fill the scarcity sets of Definition 8. This is why the windows must leave

enough students outside them. When W is random and independent of the three priority

orders, the bound holds conditionally on W . The asymptotic statement follows by letting

the windows grow slowly.

Corollary 6. Consider a sequence of problems with n→∞ students and three schools

c, d1, d2 with qc ≥ 2 and n − qc − qd1 − qd2 → ∞, with the priority orders of the three

schools drawn as in Proposition 9, and let Wn be fixed in advance, or drawn independently

of those orders, with |Wn| ≥ δn for some δ > 0. Then, as n → ∞, the probability that

EADAWn is locally bossy tends to one, and so does the probability that every mechanism

that uses the consent set Wn and is efficient whenever possible is locally bossy.

Proof. For all n large enough, qc + qd1 + qd2 ≤ n − 1. Let mn = min{⌊(n − qd1 − qd2 −
3)/2⌋, ⌊

√
n⌋}. Since n− qd1 − qd2 ≥ n− qc − qd1 − qd2 + 2, we have mn →∞, so mn ≥ 1

for all n large enough, and 2mn + 3 ≤ n− qd1 − qd2 . The bound of Proposition 9 is then

at least 1− (4
√
n+ 4)/n− 2(1− δ)mn , which tends to one.

9I thank Josué Ortega for suggesting this result and the idea of its proof.
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Three caveats apply to this analysis. The first is that consent must be unrelated to

priorities. The argument finds consenting students among those ranked just above the

bottom of two schools, and a population in which exactly those students withhold consent

escapes it. The second is the one made after Corollary 4: the statement counts problems

and not profiles. The third is that the fraction δ is more than the proof needs. Since

(1 − w/n)m ≤ e−mw/n, the bound still tends to one when |Wn| grows more slowly than

n, as long as mn|Wn|/n → ∞ for some sequence mn with 2mn + 3 ≤ n − qd1 − qd2 and

mn/n→ 0.

6.4 A margin the incentive criteria do not measure

Since no efficient DA-dominating mechanism is strategy-proof (Abdulkadiroğlu, Pathak,

& Roth, 2009; Kesten, 2010), the literature evaluating efficiency adjustments has replaced

strategy-proofness by weaker requirements. EADA is not obviously manipulable (Troyan

& Morrill, 2020), truth-telling under it is maxmin optimal (Reny, 2022), it is immune to

simple misreports (Shirakawa, 2025), and it is upper-manipulation-proof (Afacan et al.,

2026). Chen and Möller (2024) show that the version of the mechanism in which students

also report consent decisions is regret-free truth-telling under incomplete information,

and that no efficient rule dominating a stable rule is regret-free truth-telling once those

decisions are absent. Each of these criteria is stated for the school a student is assigned to.

The deviation of this paper lies outside what they measure, and not because it is

small. At a rigid pair every efficient DA-dominating mechanism, and at a tight one every

DA-improving mechanism, gives the deviating student the same school under both reports,

so her gain in the ranking of schools is exactly zero under these two reports, and a criterion

that compares the school she obtains will correctly record no manipulation while the

reported list has changed the cohort of the school she attends. This does not say that

those criteria fail, nor that they could not be restated once preferences include classmates.

We have not studied their status on such a domain. It says that their guarantees, stated

for the school a student receives, leave the present margin unaddressed, and that this

margin lies in the dimension the literature on peer effects and on segregation treats as the

outcome of interest.

6.5 Preferences over classmates

Duque-Rosas, Pereyra, and Torres-Mart́ınez (2026) consider school-lexicographic preferences

over colleagues. Students first compare matchings by the school they receive. Conditional

on receiving the same school, they may care about that school’s composition, but they are
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indifferent between two matchings that give them both the same school and the same set

of schoolmates. Let Dc denote the corresponding domain of students’ preference profiles

over matchings, and let P (⊵) be the strict ranking of schools induced by a profile ⊵ ∈ Dc.

A mechanism φ defined on school rankings induces a mechanism on this richer domain by

φ̄(⊵) = φ(P (⊵)).

Duque-Rosas, Pereyra, and Torres-Mart́ınez (2026) show that the mechanism induced by

DA is stable and strategy-proof on Dc. The two possible motives for a lie are handled

separately. A student may lie to change her school, which ordinary strategy-proofness

prevents, or she may lie while keeping her school in order to change her classmates, which

local non-bossiness prevents.

Corollary 7. Let (P, P ′) be a rigid pair for a student i and let φ be efficient and DA-

dominating. Then φ̄ is not strategy-proof on Dc, and the profitable deviation can be made

by i, whose school is the same under both reports for every mechanism in this class.

Proof. Let x be the school that every admissible correction assigns to i at both profiles, and

let ν = φ(P ) and ν ′ = φ(P ′), so that νi = ν ′
i = x and νx ̸= ν ′

x. Choose ⊵i ∈ Dc inducing

Pi and such that, among matchings assigning i to x, student i strictly prefers the cohort ν ′
x

to the cohort νx, which is possible because the two cohorts differ and school-lexicographic

preferences leave the comparison of cohorts at a given school unrestricted. Complete the

profile with any ⊵−i inducing P−i. Then φ̄(⊵) = ν, while reporting any ⊵′
i ∈ Dc inducing

P ′
i gives ν ′, and ν ′ ▷i ν by construction. In Γ1 the deviation is the one of Theorem 1,

made by i1 at c1, whose classmate changes from i3 to i2; by Theorem 3 the same argument

applies in every problem with a separating double rotation.

The proof uses only that φ selects an element of E(P ) at P and of E(P ′) at P ′. When

the rigid pair is tight, as in Theorems 1 and 3, every DA-improving mechanism does so by

Corollary 2, and the conclusion extends to all of them.

It is also worth recording what a welfare correction itself does on this domain, since

that comparison is not the one the rest of the paper makes.

Remark 5. Fix P , let µ = DA(P ) and let ν weakly Pareto dominate µ in the rankings of

schools. Then ν weakly Pareto dominates µ under every extension of P in Dc if and only if

every student with νi = µi also has νµi
= µµi

. One direction is immediate: a student who

changes school is strictly better off in the ranking of schools and the lexicographic criterion

settles her comparison, while a student who keeps her school and her set of schoolmates is

indifferent, because preferences in Dc do not separate two matchings that give her both.
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For the converse, a student who keeps her school and sees that set change can be given an

extension in Dc that ranks the old set above the new one. Unassigned students raise no

issue, since ν∅ = µ∅ by Lemma 1(i).

The correction that Theorem 1 forces is of the second kind. Passing from DA(P ) to ν

in Γ1 makes i1 and i2 strictly better off in their rankings of schools, and leaves i3 at c1 with

i1 in place of i2 as her classmate. If i3 ranks the cohort {i2, i3} above {i1, i3}, the repair

of DA’s inefficiency makes her worse off. The efficiency notion of Definition 1 is stated in

the rankings of schools, which is the domain on which the mechanisms of this literature

are defined, and the remark says what is being left out. Students who move to a better

school gain under every extension in Dc. For a student who keeps her school, a gain that

holds under every such extension requires her set of schoolmates to be unchanged. The

invariance this asks for between two matchings at one profile is the same one that local

non-bossiness asks for between two profiles, although the two comparisons are different

exercises.

The deviation is as small as Proposition 3 allows, since student i1 moves one school

from just below to just above the school DA assigns her and changes nothing else. It leaves

her own school unchanged under every mechanism in the class, so it is not a manipulation

that the criteria of Section 6.4 can register, and on the domain where composition enters

preferences it is strictly profitable. What it moves is the identity of a classmate. A family

that cares only about the proportions of students of each observable type in its school

gains from it only when the two classmates it can choose between differ in that type, and

Section 7 shows when that happens.

6.6 Three properties that fail only together

The impossibility is joint, and dropping any one of the three requirements resolves it.

Dropping efficiency leaves DA, which is DA-dominating and locally non-bossy, and DA is

also what remains when the weaker requirement of DA-improvement is dropped. Dropping

DA-dominance leaves serial dictatorship, or any other efficient and group strategy-proof

mechanism, which is non-bossy and therefore locally non-bossy. Dropping local non-

bossiness leaves the whole class of efficient DA-dominating mechanisms, which is non-empty

at every problem by Lemma 2. The paper shows that the three cannot be had together,

and Section 5 bounds the problems where this happens from both sides.

The comparison with DA is the one to keep in mind. DA satisfies two of the three

requirements and is locally non-bossy at every priority structure. Repairing its inefficiency

is what breaks the property, and it breaks it along the dimension the repair does not touch,
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since the manipulator’s own school is the same under both reports and what her report

moves is the set of students she enters with.

7 Composition by type

The deviation behind our results changes the identity of a classmate. Districts usually

follow the composition of their schools through observable characteristics, such as income,

ethnicity or prior achievement, and the literature on segregation measures composition by

the number of students of each type that a school admits (Escobar & Huerta, 2026; Ortega

et al., 2026). Whether a report that leaves its author at the same school can change those

numbers depends on how types are related to priorities, and the two extreme cases give

opposite answers.

A type function is a map τ : I → {1, . . . , K}, and Tk = {h ∈ I : τ(h) = k} is the set

of students of type k. We write Uk = T1 ∪ · · · ∪ Tk, with U0 = ∅. The priority profile is

stratified by τ if every school ranks every student of a type with a lower index above every

student of a type with a higher index, that is, if τ(h) < τ(h′) implies h ≻c h
′ at every

school c. Within a type, schools may rank students in any way. This is the tiered priority

structure of Ortega et al. (2026), who give as examples the precedence of citizens over

permanent residents and international students in Singapore’s primary-school admissions,

and the precedence of looked-after children under the School Admissions Code in England.

7.1 Stratified priorities

Ortega et al. (2026) show that under stratified priorities every rule that dominates DA

admits the same number of students of each type to each school as DA does. We use the

result in the following form, and include a short proof because the argument behind the

next proposition builds on it.

Lemma 6 (Ortega et al. (2026), Theorem 2). Let the priority profile be stratified by τ , let

µ be stable at P , and let ν weakly Pareto dominate µ at P . Then |νx ∩ Tk| = |µx ∩ Tk| for
every x ∈ C ∪ {∅} and every type k.

Proof. Fix k and a school x. Suppose first that some student h ∈ Uk satisfies νh = x ≠ µh.

Then xPh µh by Lemma 1(iii), and since (h, x) does not block µ, school x is full at µ

and every member of µx has higher priority than h at x. Under stratification a student

with higher priority than h has a type with index at most τ(h) ≤ k, so µx ⊆ Uk, and

Lemma 1(i) gives |νx ∩ Uk| ≤ |νx| = |µx| = |µx ∩ Uk|. If instead no student of Uk moves

into x, then νx ∩ Uk ⊆ µx ∩ Uk. In both cases |νx ∩ Uk| ≤ |µx ∩ Uk|. Since ν∅ = µ∅ by
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Lemma 1(i), the number of students of Uk assigned to some school is the same at ν and at

µ, so the inequalities, summed over x ∈ C, add up to an equality, and each of them holds

with equality. Taking differences in k gives the claim for every school, and for the outside

option it follows from ν∅ = µ∅.

Their statement is for µ = DA(P ), which is the case used below. The second ingredient

is that, under stratified priorities, DA treats the students of the first k types as if the

others were absent. This is the sequential description that Ortega et al. (2026) give of the

rules they study, stated here for DA; the proof is in the Appendix.

Lemma 7. Let the priority profile be stratified by τ , fix k, and let P and P ′ be preference

profiles with Ph = P ′
h for every h ∈ Uk. Then DAh(P ) = DAh(P

′) for every h ∈ Uk.

The two lemmas extend the invariance of Ortega et al. (2026) from the matchings

available at one profile to the reports of one student.

Proposition 10. Let the priority profile be stratified by τ , and let φ be DA-dominating.

If φi(P ) = φi(P
′
i , P−i) = x for some student i, some profile P and some report P ′

i , then

φx(P ) and φx(P
′
i , P−i) contain the same number of students of each type.

Proof. Write P ′ = (P ′
i , P−i), µ = DA(P ), µ′ = DA(P ′), ν = φ(P ) and ν ′ = φ(P ′). By

Lemma 6, νx and µx contain the same number of students of each type, and so do ν ′
x and

µ′
x. It is therefore enough to show that µx and µ′

x do.

If x = ∅, Lemma 1(i) gives µ∅ = ν∅ and µ′
∅ = ν ′

∅, so i is unassigned at µ and at µ′, and

Proposition 1 gives µ∅ = µ′
∅. Let x ∈ C. If µi = µ′

i = x, Proposition 1 gives µx = µ′
x. If

µi = x ≠ µ′
i, then ν ′

i = x ≠ µ′
i, and Lemma 1(iii) applied at P ′ gives xP ′

i µ
′
i; a student

with preferences P ′
i would then obtain x instead of µ′

i by reporting Pi, which contradicts

the strategy-proofness of DA. The case µ′
i = x ≠ µi is symmetric. It remains to consider

µi ̸= x and µ′
i ̸= x. Then xPi µi by Lemma 1(iii), and since (i, x) does not block µ, school

x is full at µ and every member of µx has higher priority than i at x, hence a type with

index at most t = τ(i). The same holds at µ′. Since only i changes her report, P and P ′

coincide on Ut−1, and Lemma 7 gives µx ∩ Ut−1 = µ′
x ∩ Ut−1. The two cohorts therefore

have the same members of types with index below t, both have qx members, and neither

has a member of a type with index above t, so they also have the same number of students

of type t.

Under stratified priorities every DA-dominating mechanism is therefore locally non-

bossy at the level of types, whether it is efficient or not and whatever consent it relies

on, since EADAW weakly Pareto dominates DA for every consent set (Kesten, 2010).
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A student can still change who her classmates are, and Theorem 3 applies to stratified

priorities as to any others, but she cannot change how many of them are of each type.

The separating double rotation shows why. Its requirements jm ≻c i and i ≻dm jm force

jm to have the type of i, a guard lies between i and jm at dm, and the classmate g of a

direct route lies between j1 and i at c. Under stratified priorities the manipulator, the two

rivals, the guards and the classmate g therefore all have the same type, and the classmate

her report removes is replaced by another student of that type.

7.2 Types unrelated to priorities

Stratification is a strong assumption, as Ortega et al. (2026) acknowledge. In most systems

the types a district monitors are not priority classes: priorities come from siblings, distance

and lotteries, and where disadvantage enters the assignment it may do so through reserved

seats rather than through absolute precedence, as in the Chilean system studied by Escobar

and Huerta (2026). Without stratification the conclusion of Proposition 10 fails, and the

construction behind Theorem 3 shows exactly how.

Corollary 8. Let Γ have a separating double rotation, labelled so that route 1 is guarded,

and let (P, P ′), ν and ν ′ be as in the proof of Theorem 3. If both routes are guarded, then

νc \ ν ′
c = {j2} and ν ′

c \ νc = {j1}. If route 2 is direct, then νc \ ν ′
c = {g} and ν ′

c \ νc = {j1}.
Consequently, for every type function τ , the two cohorts of c contain different numbers of

students of some type if and only if τ(j1) ̸= τ(j2) in the first case, and τ(j1) ̸= τ(g) in the

second.

Proof. By Steps 2, 4 and 5 of the proof of Theorem 3, νc = Nc∪{i, j2} and ν ′
c = Nc∪{i, j1}

if both routes are guarded, while νc = Nc∪{i}, which contains g, and ν ′
c = (Nc\{g})∪{i, j1}

if route 2 is direct. Since i, j1 and j2 do not belong to Nc, the two cohorts share all their

other members and differ in one student each, and their numbers of students of each type

differ exactly when those two students have different types.

Whether the two students differ in type depends on the problem. The next result

shows that, with uniform priorities and types fixed in advance, problems in which they do

are the rule rather than the exception. Types play no role in the priorities here, and the

only requirement on them is that no type contain almost every student.

Proposition 11. Let c, d1, d2 be distinct schools with qc ≥ 2 and qd2 ≤ qd1, let n = |I| and
suppose that qc + qd1 + qd2 ≤ n− 1. Let τ be a type function in which no type has more

than (1− ε)n members, for some ε ∈ (0, 1), and draw ≻c, ≻d1 and ≻d2 independently, each
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uniformly on the orders of I. Then, for every integer m with 1 ≤ m ≤ (n − 5)/2, with

probability at least

1− m+ 6

n
−

(
1− ε+

1

n

)m+1

the problem Γ admits a tight rigid pair for some student i at which every DA-improving

mechanism assigns i to c under both reports and the two cohorts of c contain different

numbers of students of some type.

The proof is in the Appendix. Taking m = ⌊
√
n⌋, the bound tends to one as n grows,

for any fixed ε, and it does not depend on the number of schools or on their capacities

beyond the requirement that the three schools leave a student without a seat. The labelling

qd2 ≤ qd1 is without loss of generality, since the roles of d1 and d2 are symmetric.

The two results describe the two ends of the relation between types and priorities.

When the types a district monitors are themselves priority classes, a reform that improves

upon DA preserves the number of students of each type at every school, across the

matchings available at one profile, as Ortega et al. (2026) show, and across the reports of

any single student, as Proposition 10 shows. Families can then reshuffle identities but not

proportions. When types and priorities are unrelated, the same reforms hand a family

that keeps its school a choice between classmates of different types in almost every large

problem. Priority structures that favour a type at some schools only, or reserves of the

kind studied by Escobar and Huerta (2026), lie between the two cases and are covered by

neither result.

8 Concluding remarks

The literature on improvements over Deferred Acceptance has asked what such improve-

ments must give up in stability, in incentives, in consistency or in the size of the gains

they deliver. This paper adds a requirement of a different kind, about who a student is

assigned with rather than where she is assigned. It is a requirement that DA itself satisfies

at every priority structure, while full non-bossiness costs acyclicity.

The protection does not survive the repair, and it is lost for every mechanism that

implements an improvement over DA whenever one exists, whether or not it exhausts

the available gains. Theorem 1 shows this in a balanced problem with five students, four

schools and complete preference lists, where the impossibility owes nothing to outside

options or to unassigned students. Section 5 places the problems in which the protection

is lost between two conditions on priorities and capacities. The conflict requires first

that priorities let a welfare correction reach a school with several seats at all, that is, a
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chain of denied claims that closes on such a school with each of its links filled by students

with a stronger claim. When there is no such rotation, every improvement over DA

reproduces the DA cohort at every school with several seats. When the conflict comes

from a rigid pair, as every conflict exhibited here does, it requires second that the chain

be available to the manipulator from two different schools, because at a rigid pair DA

denies her the contested school under both reports and sends her to two different schools.

What produces the conflict is a double rotation whose two routes are separating, meaning

that each of them is closed while the manipulator travels the other, and priorities can

close a route either through an intermediate student or through the manipulator herself.

Proposition 6 and Corollary 4 show that this configuration is common when priorities are

drawn independently and uniformly, also when capacities grow with the market, so the

impossibility is not an artefact of the examples.

Two further features bear on how a district might read the result. Consent does not

contain it. Under EADA two waivers that cost their owners nothing are enough, and so,

with probability approaching one, is the consent of a fixed fraction of students unrelated

to priorities. The same holds for every consent-based mechanism that is efficient whenever

possible. Furthermore, the margin is not always confined to identities. When the types a

district monitors are priority classes, no improvement over DA lets a family change how

many students of each type its school admits, but when types and priorities are unrelated,

the family can choose between classmates of different types in almost every large problem.

Which of the two descriptions fits a given district is an empirical question about its priority

rules, and the answer decides whether the bossiness that efficiency adjustments introduce

reaches the composition measures that segregation policy targets.
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Appendix

This Appendix contains the material omitted from Section 5, in the order in which the

main text calls for it. Lemma 8 verifies that the problem Γ2, which Theorem 2 places

outside the impossibility, admits no rotation through its three-seat school. Theorem 3 is

then proved. The rest presents the problems Γ4 and Γ5, which separate the conditions of

Figure 4 from one another and show what an exact description of the conflict would have

to accommodate; Proposition 12 and Proposition 13 record the impossibility in each of

them, and Lemma 9 shows that the first is outside the reach of the guarded case. The

Appendix closes with the proofs of Proposition 9, Lemma 7 and Proposition 11.

We begin with the problem Γ2 of Section 5.1, whose three-seat school no welfare

correction can reach.

Lemma 8. The problem Γ2 of Section 5.1 admits no rotation through c1.

Proof. Suppose a rotation through c1 exists, with schools a1 = c1, . . . , aL and students

k1, . . . , kL as in Definition 6. The requirement at a1 provides |Nc1| = qc1 − 1 = 2 students

ranked above kL at c1 and distinct from k1, together with k1 itself, so at least three

students rank above kL at c1 and therefore kL ∈ {i4, i5}.
If L = 2 and a2 = c2, the requirements k1 ≻c1 k2 and k2 ≻c2 k1 are incompatible

because ≻c1 and ≻c2 coincide. If L = 2 and a2 = c3, then k2 = kL ∈ {i4, i5} and k2 ≻c3 k1;

no student ranks below i5 at c3, so k2 = i4 and k1 = i5, contradicting k1 ≻c1 k2.

If L = 3, then {a2, a3} = {c2, c3} and k3 = kL ∈ {i4, i5}. Suppose (a2, a3) = (c2, c3).

Since ≻c1 and ≻c2 coincide, the requirements k2 ≻c2 k1 and k1 ≻c1 k3 place k2, k1 and

k3 in this order in the common ranking, and we also need k3 ≻c3 k2. If k3 = i5 this fails

because no student ranks below i5 at c3. If k3 = i4 then k2 ∈ {i1, i2}, and neither satisfies

i4 ≻c3 k2. Suppose instead (a2, a3) = (c3, c2). Then k3 ≻c2 k2 and k1 ≻c1 k3 place k1, k3

and k2 in this order in the common ranking, and we also need k2 ≻c3 k1. If k3 = i5 there

is no student below i5 available for k2; if k3 = i4 then k2 = i5, and no student ranks below

i5 at c3. In every case a rotation through c1 is impossible.

We turn to the sufficiency result. The construction is the one sketched in Section 5.2:

the manipulator declares acceptable only the contested school and one of her two origins,

and every other student involved declares only the schools her role requires. Throughout,

β ∈ {0, 1} counts the direct routes.
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Proof of Theorem 3. Fix a separating double rotation with the notation of Definition 8,

relabelling the routes so that route 1 is guarded. Consider the preference profile P in

which

Pi : c, d1, Pj1 : d1, c, Pj2 : d2, c, Pkm : dm for each guarded route m,

every member of Nc finds only c acceptable, every member of Ndm finds only dm acceptable,

and every remaining student finds no school acceptable. Let P ′ be obtained from P by

replacing the report of i with P ′
i : c, d2. The two profiles differ only in the second school

on the list of i.

Throughout, call a student fixed if she finds at most one school acceptable. Every

member of Nc ∪Nd1 ∪Nd2 , every km and every student outside {i, j1, j2, k1, k2} is fixed,
and each of them is assigned to her unique acceptable school at any profile at which she is

not rejected from it.

Step 1: the DA outcome at P . In the first round school c receives i and the members

of Nc, that is qc − 1 + β ≤ qc applicants, and rejects nobody. School d1 receives j1, k1 and

the members of Nd1 , that is qd1 + 1 applicants, and rejects the applicant with the lowest

priority, which is j1 because every member of Nd1 ranks above k1 and k1 ≻d1 j1. School d2

receives j2, the members of Nd2 and, if route 2 is guarded, also k2. If route 2 is guarded

it has qd2 + 1 applicants and rejects j2, by the same argument. If route 2 is direct it has

exactly qd2 applicants and rejects nobody, so j2 keeps d2, her most preferred school, and

never applies to c.

In the second round j1 applies to c, and so does j2 if route 2 is guarded. School c now

has qc + 1 applicants, namely Nc ∪ {i, j1} together with j2 when route 2 is guarded, and it

rejects i, since every other applicant ranks above her. In the third round i applies to d1,

which is full with Nd1 ∪ {k1}, and displaces k1 because i ≻d1 k1 and every member of Nd1

ranks above k1. Student k1 has no further acceptable school. Hence

DA(P ) : c = Nc∪{j1}∪{j2 : route 2 guarded}, d1 = Nd1∪{i}, d2 = Nd2∪{k2 or j2},

with k1 and all remaining students unassigned.

Step 2: the efficient frontier at P . Every fixed student other than k1 holds her most

preferred option in C ∪ {∅}, so she is fixed in every element of D(P ), and by Lemma 1(i)

the unassigned student k1 stays unassigned. If route 2 is guarded, d2 is full with fixed

students, so j2 cannot move and remains at c; if route 2 is direct, j2 already holds her

most preferred school. In either case the only students who can move are i and j1, and

by Lemma 1(i) every element of D(P ) assigns qc students to c and qd1 students to d1.
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One seat at c and one seat at d1 are contested, and each of them must go to i or to j1.

Assigning d1 to i returns DA(P ); assigning c to i and d1 to j1 gives a matching ν that

makes both of them strictly better off. Hence D(P ) = {DA(P ), ν} and E(P ) = {ν}, with

νi = c, νc = Nc ∪ {i} ∪ {j2 : route 2 is guarded}.

Step 3: the DA outcome at P ′. The first two rounds are exactly as in Step 1, since i

applies to c in both and has not yet reached the school she names second: in the second

round school c again has qc + 1 applicants and rejects i, so that c is left with Nc ∪ {j1},
together with j2 when route 2 is guarded. In the third round i applies to d2.

If route 2 is guarded, d2 is full with Nd2 ∪ {k2} and i displaces k2, because i ≻d2 k2

and every member of Nd2 ranks above k2; student k2 has no further acceptable school, the

run ends, and c holds Nc ∪ {j1, j2}. If route 2 is direct, d2 is full with Nd2 ∪ {j2} and i

displaces j2, because i ≻d2 j2 and every member of Nd2 ranks above j2. Student j2 then

applies to c in the fourth round, where the applicants ranked above i are Nc ∪ {j1, j2},
one more than the number of seats. School c rejects the applicant with the lowest priority,

and by hypothesis some member of Nc ranks below both j1 and j2 at c, so the rejected

student is a member of Nc, say g, who has no further acceptable school. Writing N ′
c = Nc

when β = 0 and N ′
c = Nc \ {g} when β = 1, a set of qc − 2 students in both cases,

DA(P ′) : c = N ′
c ∪ {j1, j2}, d1 = Nd1 ∪ {k1}, d2 = Nd2 ∪ {i}.

Step 4: the efficient frontier at P ′. As in Step 2, every fixed student is now either at

her unique acceptable school or unassigned, and Lemma 1(i) keeps unassigned whichever

of the two is displaced, namely k2 when β = 0 and g when β = 1. School d1 is full with

fixed students, so j1 cannot move and remains at c. The only students who can move are

i and j2, and the same counting argument gives D(P ′) = {DA(P ′), ν ′} and E(P ′) = {ν ′}
with

ν ′
i = c, ν ′

c = N ′
c ∪ {i, j1}.

Step 5: conclusion. Student i is assigned to c at both profiles. If β = 0 then N ′
c = Nc

and

νc = Nc ∪ {i, j2} ̸= Nc ∪ {i, j1} = ν ′
c,

because j1 ̸= j2. If β = 1 then νc = Nc ∪ {i} contains g and not j1, while ν ′
c =

(Nc \ {g}) ∪ {i, j1} contains j1 and not g, and g ̸= j1 because g ∈ Nc. In both cases

νi = ν ′
i = c and νc ̸= ν ′

c, so (P, P ′) is a rigid pair for i. By Steps 2 and 4, D(P ) and D(P ′)

have two elements each, so the pair is tight, and Corollary 2 applies.
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The two problems that close the Appendix show that the direct route of Definition 8

is not an artefact of the construction. Both satisfy the definition with one direct route,

and the first of them has no twin cycle, so there the impossibility is outside the reach of

the guarded case, which is the configuration that Theorem 1 already covers. The second

problem also displays three features that the proof of Theorem 3 never produces.

Let Γ4 have I = {i1, . . . , i5}, C = {c1, c2, c3}, capacities qc1 = 2 and qc2 = qc3 = 1,

and the priorities and preferences of Table 2. Total capacity is one seat short of the

number of students, so exactly one student is unassigned at every individually rational

and non-wasteful matching. The two profiles differ only in the report of i5, and only in

the school she ranks second.

Priorities Preferences

≻c1 : i1, i2, i3, i4, i5 Pi1 : c2, c1
≻c2 : i3, i2, i4, i5, i1 Pi2 : c3, c1
≻c3 : i5, i3, i2, i1, i4 Pi3 : c3

Pi4 : c1
Pi5 : c1, c2
P ′
i5
: c1, c3

Table 2: The problem Γ4 and the two preference profiles.

Lemma 9 below shows that Γ4 has no twin cycle. It does have a separating double

rotation: take

c = c1, i = i5, j1 = i2, j2 = i1, d1 = c3, d2 = c2, k1 = i3, Nc = {i4},

with Nc2 = Nc3 = ∅. Route 1 is guarded, since i5 ≻c3 i3 ≻c3 i2, and route 2 is direct, since

i5 ≻c2 i1 and the two are adjacent at c2. The classmate i4 ranks above i5 and below both

i1 and i2 at c1, as the direct route requires. The reports of Table 2 are exactly the ones the

proof of Theorem 3 prescribes for this configuration, with the two profiles interchanged, so

that theorem gives the following statement directly.

Proposition 12. In Γ4, no DA-improving mechanism is locally non-bossy, and in particular

no mechanism is simultaneously efficient, DA-dominating and locally non-bossy. Hence

the absence of a twin cycle does not guarantee that the three properties are compatible.

The two runs are verified directly at the end of this subsection, without appealing to

the theorem. At the two profiles the DA outcomes are

DA(P ) : c1 = {i1, i2}, c2 = {i5}, c3 = {i3}, with i4 unassigned,
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DA(P ′) : c1 = {i2, i4}, c2 = {i1}, c3 = {i5}, with i3 unassigned,

and the unique efficient improvements are

ν : c1 = {i2, i5}, c2 = {i1}, c3 = {i3}, ν ′ : c1 = {i4, i5}, c2 = {i1}, c3 = {i2}.

Student i5 obtains c1 under both reports and her classmate changes from i2 to i4. Since

Proposition 4 and Proposition 12 cannot both hold with an acyclic priority profile, the

priorities of Γ4 contain an Ergin cycle. Consistently with Proposition 5, the manipulator

is denied c1 by DA at both profiles and her two DA assignments, c2 and c3, are the origins

of the two rotations that Corollary 3 delivers.

Both forced improvements in Γ4 are trading cycles of length two between i5 and

one incumbent of c1: at P she exchanges c2 for the seat that i1 vacates, and at P ′ she

exchanges c3 for the seat that i2 vacates. What a twin cycle would require and Γ4 lacks is

an intermediate student on the second route: no student lies between i5 and i1 at c2, so

nobody is displaced there whose departure empties the seat that i1 moves into. Student i5

empties it herself. The price is paid at c1, where the arrival of i1 pushes out i4, and it is

the presence or absence of i4 that makes the two cohorts of i5 differ. This is the direct

route of Definition 8, and Γ4 shows that it cannot be dispensed with.

Lemma 9. The problem Γ4 has no twin cycle.

Proof. Only c1 has capacity at least two, so a twin cycle must have c = c1, and then

|Nc1| = |Nc2| = |Nc3| = 0, so the scarcity requirements are vacuous. For h ∈ I let

B(h) =
{
a ∈ {c2, c3} : ∃ j, k ∈ I \ {h} distinct with j ≻c1 h and h ≻a k ≻a j

}
,

and for a ∈ B(h) let Ja(h) collect the students j that qualify. A twin cycle requires two

distinct schools d1, d2 ∈ B(h) for some h, together with j1 ∈ Jd1(h) and j2 ∈ Jd2(h) that

are distinct, and witnesses k1, k2 such that the five students are distinct.

Student i1 has the highest priority at c1, so no j satisfies j ≻c1 i1 and B(i1) = ∅. For
i2 the only candidate is j = i1; at c2 students i4 and i5 lie between i2 and i1, so c2 ∈ B(i2),

while at c3 students i2 and i1 are adjacent, so c3 /∈ B(i2) and B(i2) = {c2}. For i4 the

candidates are j ∈ {i1, i2, i3}; at c3 student i4 has the lowest priority, so c3 /∈ B(i4), while

at c2 the pair j = i1, k = i5 works, so B(i4) = {c2}. For i5, at c2 the only student ranked

below her is i1 and the two are adjacent, so c2 /∈ B(i5), while at c3 the pair j = i2, k = i3

works, so B(i5) = {c3}. For these four students |B(h)| ≤ 1, so none of them can serve as

the shared student of a twin cycle.
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Only i3 has B(i3) = {c2, c3}, and there the two qualifying sets coincide. At c2 student

i3 has the highest priority and the students above her at c1 are i1 and i2; since i2 is

immediately below i3 at c2, no witness separates them, so Jc2(i3) = {i1}. At c3 student i3

is second and i2 is immediately below her, so again Jc3(i3) = {i1}, with the unique witness

k = i2. Any twin cycle with shared student i3 would therefore need j1 = j2 = i1, which

Definition 9 forbids. Hence Γ4 has no twin cycle.

The two runs in Γ4.

The two DA outcomes. At P , students i1, . . . , i5 apply to c2, c3, c3, c1 and c1 respectively.

School c3 keeps i3 and rejects i2, and c1 keeps i4 and i5. Student i2 applies to c1, which

now keeps i2 and i4 and rejects i5. Student i5 applies to c2 and displaces i1, since i5 ≻c2 i1.

Student i1 applies to c1, which keeps i1 and i2 and rejects i4, who has no further acceptable

school. Hence

DA(P ) : c1 = {i1, i2}, c2 = {i5}, c3 = {i3}, with i4 unassigned.

At P ′ the algorithm is identical until i5 is rejected by c1. She then applies to c3 and

displaces i3, since i5 ≻c3 i3, and i3 has no further acceptable school. Hence

DA(P ′) : c1 = {i2, i4}, c2 = {i1}, c3 = {i5}, with i3 unassigned.

The unique efficient improvement at P . By Lemma 1(i), every element of D(P ) leaves

i4 unassigned, assigns two students to c1 and one student to each of c2 and c3. Student i3 is

at her only acceptable school and is fixed at c3; consequently i2, whose only improvement

over c1 is c3, is fixed at c1. The remaining students i1 and i5 can hold c1 or c2, and exactly

one seat of c1 and the seat of c2 are available to them. Hence D(P ) = {DA(P ), ν} with

ν : c1 = {i2, i5}, c2 = {i1}, c3 = {i3}, with i4 unassigned.

Both i1 and i5 obtain their first choice under ν, so ν Pareto dominates DA(P ) and

E(P ) = {ν}.
The unique efficient improvement at P ′. By Lemma 1(i), student i3 is unassigned in

every element of D(P ′). Student i1 is assigned her first choice c2 and student i4 her only

acceptable school c1, so both are fixed. The remaining students i2 and i5 can hold the free

seat of c1 or the seat of c3, so D(P ′) = {DA(P ′), ν ′} with

ν ′ : c1 = {i4, i5}, c2 = {i1}, c3 = {i2}, with i3 unassigned,
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and since ν ′ gives i2 and i5 their first choices, E(P ′) = {ν ′}.
Conclusion. We have νi5 = c1 = ν ′

i5
while νc1 = {i2, i5} ≠ {i4, i5} = ν ′

c1
, so (P, P ′) is a

rigid pair for i5, as Theorem 3 predicts, and it is tight because D(P ) and D(P ′) have two

elements each. Corollary 2 applies.

Trading cycles of length two are not the general case. In the next problem the

impossibility also holds, and the profiles we record display three further phenomena that

an exact condition would have to accommodate.

Let Γ5 have six students I = {i1, . . . , i6}, four schools C = {c1, c2, c3, c4}, capacities
qc1 = 2 and qc2 = qc3 = qc4 = 1, and the priorities and preferences of Table 3. All schools

are acceptable to all students, and total capacity is one seat short of the number of students.

The two profiles differ only in the report of i1, and only in the order of the two schools she

ranks last.

Priorities Preferences

≻c1 : i2, i6, i1, i4, i3, i5 Pi1 : c1, c4, c3, c2
≻c2 : i1, i3, i6, i2, i5, i4 P ′

i1
: c1, c4, c2, c3

≻c3 : i2, i6, i1, i4, i3, i5 Pi2 : c4, c1, c3, c2
≻c4 : i4, i6, i5, i2, i1, i3 Pi3 : c2, c4, c1, c3

Pi4 : c3, c1, c2, c4
Pi5 : c1, c2, c3, c4
Pi6 : c2, c1, c3, c4

Table 3: The problem Γ5 and the two preference profiles. Note that ≻c3 coincides with ≻c1 .

Proposition 13. In Γ5, no DA-improving mechanism is locally non-bossy, and in particular

no mechanism is simultaneously efficient, DA-dominating and locally non-bossy.

The problem also has a separating double rotation, with

c = c1, i = i5, j1 = i1, j2 = i4, d1 = c4, d2 = c2, k1 = i2, Nc = {i3},

empty scarcity sets at c4 and c2, route 1 guarded because i5 ≻c4 i2 ≻c4 i1, and route 2

direct because i5 and i4 are adjacent at c2; the classmate i3 ranks above i5 and below both

i1 and i4 at c1. Theorem 3 therefore delivers the proposition, with i5 as the manipulator.

The profiles of Table 3 witness its second statement through a different student, and we

record them because the improvements they force have a shape that the proof of Theorem 3

never produces; they are verified at the end of this subsection. The DA outcomes are

DA(P ) : c1 = {i2, i6}, c2 = {i3}, c3 = {i1}, c4 = {i4}, with i5 unassigned,
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DA(P ′) : c1 = {i2, i6}, c2 = {i1}, c3 = {i4}, c4 = {i5}, with i3 unassigned,

and the unique efficient improvements are

ν : c1 = {i1, i6}, c2 = {i3}, c3 = {i4}, c4 = {i2},

ν ′ : c1 = {i1, i5}, c2 = {i6}, c3 = {i4}, c4 = {i2}.

Three features of Γ5 are absent from Γ1 and Γ4, and Lemma 1(iv) makes them precise.

First, at P the improvement forced on every efficient DA-dominating mechanism is a single

trading cycle of length three, in which i1 moves from c3 to c1, student i2 from c1 to c4

and student i4 from c4 to c3. The seat that i1 vacates is not the seat that the departing

classmate occupies, so the exchange does not close within two schools, and the rotation

that Corollary 3 delivers has length three. Second, at P ′ the improvement consists of

two disjoint cycles of length two that run simultaneously through the two seats of c1,

namely i1 and i6 exchanging c2 and c1, and i2 and i5 exchanging c1 and c4. Third, the

classmate who arrives at P ′ is i5, who ranks below the manipulator at c1: efficiency can

bring in a lower-priority student once enough higher-priority students leave. None of the

three appears in the construction behind Theorem 3, which only ever produces exchanges

between two schools, while a double rotation accommodates all of them. This is one reason

not to expect Definition 8 to be necessary as it stands: the trades it is built from are

the shortest ones, and Γ5 shows that the impossibility can travel along longer ones in a

problem that satisfies the definition for other reasons.

A fourth feature is worth recording because Proposition 2(i) does not exclude it. In Γ5

the report of i1 changes which student DA leaves unassigned, from i5 to i3, and thereby

changes the pool of students available for the seats of c1. Proposition 2(i) rules out this

channel only when the manipulator is herself unassigned under both reports.

The two runs in Γ5.

The two DA outcomes. In the first round c1 receives i1 and i5 and keeps both, c2

receives i3 and i6 and rejects i6, c3 holds i4, and c4 holds i2. Student i6 then applies to

c1, which keeps i6 and i1 and rejects i5. Student i5 is rejected in turn by c2, where i3

ranks above her, and by c3, where i4 ranks above her, and is accepted at c4, displacing i2.

Student i2 applies to c1, which keeps i2 and i6 and rejects i1. Up to this point the two

runs coincide, because i1 has applied only to c1.

Under P , student i1 applies to c4 and is rejected because i5 ≻c4 i1, then applies to c3

and displaces i4, since i1 ≻c3 i4. Student i4 is rejected by c1 and by c2, where she has

the lowest priority, and is accepted at c4, displacing i5, who has no acceptable school left.

Under P ′, student i1 applies to c4, is rejected, and then applies to c2, where she has the
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highest priority, displacing i3. Student i3 is rejected by c4, by c1 and by c3, and remains

unassigned. Therefore

DA(P ) : c1 = {i2, i6}, c2 = {i3}, c3 = {i1}, c4 = {i4}, with i5 unassigned,

DA(P ′) : c1 = {i2, i6}, c2 = {i1}, c3 = {i4}, c4 = {i5}, with i3 unassigned.

The unique efficient improvement at P . By Lemma 1(i), every element of D(P ) assigns

two students to c1, one to each other school, and leaves i5 unassigned. Student i3 is at

her top choice c2 and is fixed there; consequently i6, whose only improvement over c1 is

c2, is fixed at c1. The remaining students i1, i2 and i4 occupy the free seat at c1, the seat

at c3 and the seat at c4. Their upper contour sets restrict the possibilities: student i1

weakly improves upon c3 only at c1, c4 or c3, student i2 weakly improves upon c1 only

at c4 or c1, and student i4 weakly improves upon c4 only at c3, c1, c2 or c4, and c2 is

unavailable. Enumerating the bijections between {i1, i2, i4} and the three seats that respect

these restrictions yields exactly four matchings, namely DA(P ) and

ν : c1 = {i1, i6}, c3 = {i4}, c4 = {i2}; µ1 : c1 = {i2, i6}, c3 = {i4}, c4 = {i1};

µ2 : c1 = {i4, i6}, c3 = {i1}, c4 = {i2},

each completed with c2 = {i3} and i5 unassigned. Comparing, ν Pareto dominates µ1,

because i1 prefers c1 to c4 and i2 prefers c4 to c1 while i4 is unaffected; ν Pareto dominates

µ2, because i1 prefers c1 to c3 and i4 prefers c3 to c1 while i2 is unaffected; and ν Pareto

dominates DA(P ). Hence E(P ) = {ν}.
The unique efficient improvement at P ′. Consider

ν ′ : c1 = {i1, i5}, c2 = {i6}, c3 = {i4}, c4 = {i2}, with i3 unassigned.

Each of i1, i2, i4, i5 and i6 is assigned to her top choice, and by Lemma 1(i) student i3 is

unassigned in every element of D(P ′). Comparing ν ′ with DA(P ′) shows that ν ′ weakly

Pareto dominates it, so ν ′ ∈ D(P ′); and since no matching can improve upon a matching

that gives every assigned student her top choice while leaving the same student unassigned,

ν ′ Pareto dominates every other element of D(P ′) and E(P ′) = {ν ′}.
Conclusion. We have νi1 = c1 = ν ′

i1
while νc1 = {i1, i6} ≠ {i1, i5} = ν ′

c1
, so (P, P ′) is a

rigid pair for i1 and Corollary 1 applies.

We now prove the results on consent and on types. In the two probabilistic proofs,

positions are counted from the bottom of an order, so that the student in position 1 at a
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school has the lowest priority there.

Proof of Proposition 9. Let i be the student in position 1 at c and j1 the student in position

1 at d1. Let B1 be the set of students in positions 1, . . . ,m+ 1 at d1, let S1 = B1 \ {j1},
and let k1 be the member of S1 ∩W with the lowest priority at d1 if this set is non-empty,

and k1 = j1 otherwise. At d2, let R be the set of students in positions 1, 2 and 3, let S2

be the set of students in positions 4, . . . ,m+ 3, and let B2 = R ∪ S2. Consider the events

E1 : i /∈ B1, E2 : S1 ∩W ̸= ∅, E3 : i /∈ B2,

E4 : j1 /∈ S2 and k1 /∈ S2, E5 : S2 ∩W ̸= ∅.

Suppose that all five occur. Let j2 be the member of R\{j1, k1} with the lowest priority

at d2, which exists because R has three members, and let k2 be any member of S2 ∩W .

The students i, j1, j2, k1, k2 are distinct. Indeed, k1 ∈ S1 differs from j1, and i differs from

both by E1; j2 differs from j1 and k1 by construction and from i by E3; and k2 ∈ S2 differs

from i by E3, from j1 and k1 by E4, and from j2 ∈ R because R and S2 are disjoint. Since

i has the lowest priority at c, we have j1 ≻c i and j2 ≻c i. At d1, student j1 is in position

1, student k1 is in a position between 2 and m+ 1, and i is above position m+ 1 by E1,

so i ≻d1 k1 ≻d1 j1. At d2, student j2 is in one of the positions 1 to 3, student k2 is in one

of the positions 4 to m+ 3, and i is above position m+ 3 by E3, so i ≻d2 k2 ≻d2 j2. Both

routes are therefore guarded, and both guards belong to W .

For the scarcity sets, let Q = I \ (B1 ∪ B2 ∪ {i}). Every member of Q ranks above

every member of B1 at d1, and in particular above k1, and above every member of B2 at

d2, and in particular above k2. The set Q contains none of i, j1, j2, k1, k2 and has at least

n− (m+ 1)− (m+ 3)− 1 = n− 2m− 5 members, which is at least qd1 + qd2 − 2 by the

hypothesis on m. Choose disjoint sets Nd1 , Nd2 ⊆ Q with qd1 − 1 and qd2 − 1 members.

The students outside {i, j1, j2, k1, k2} ∪Nd1 ∪Nd2 number n− 5− (qd1 + qd2 − 2), which

is at least qc − 2 because qc + qd1 + qd2 ≤ n− 1; let Nc consist of qc − 2 of them. Every

member of Nc ranks above i at c. Definition 8 holds with both routes guarded, so Γ has a

twin cycle at c whose guards belong to W .

It remains to bound the probability that some event fails. The student i is determined

by ≻c, which is independent of ≻d1 and ≻d2 , so her position at each of these schools is

uniform on {1, . . . , n}, and E1 and E3 fail with probabilities (m + 1)/n and (m + 3)/n.

The set S1 is a uniformly distributed set of m students, so

Pr(S1 ∩W = ∅) =
(
n− w

m

)/(
n

m

)
=

m−1∏
t=0

n− w − t

n− t
≤

(
1− w

n

)m

.
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Conditional on ≻c and ≻d1 , which determine j1 and k1, the set S2 is again a uniformly

distributed set of m students. A given student belongs to it with probability m/n, so E4

fails with probability at most 2m/n, and E5 fails with probability at most (1− w/n)m,

as before. Adding the five bounds gives the stated probability. In the event that all five

occur, Proposition 7, applied to the twin cycle just constructed with a consent set that

contains its two guards, shows that EADAW is locally bossy, and Proposition 8 gives the

same conclusion for every mechanism that uses the consent set W and is efficient whenever

possible.

Proof of Lemma 7. Write U = Uk. Let Γ
U be the problem in which only the students of

U are present, with the same schools and capacities and with each priority order restricted

to U , and let µU be the outcome of DA in ΓU at the restriction of P to U . We show that

DAh(P ) = µU
h for every h ∈ U . Since µU depends on P only through the reports of the

students of U , which are the same at P ′, the lemma follows.

Let µ = DA(P ). First, the restriction of µ to U is stable in ΓU . It is individually

rational because µ is. Let h ∈ U and let x be a school with xPh µh. Since (h, x) does

not block µ, school x is full at µ and every member of µx has higher priority than h at x,

hence belongs to U by stratification. In ΓU , school x therefore holds qx students of U , all

ranked above h, and (h, x) does not block there either. Since µU is the student-optimal

stable matching of ΓU (Gale & Shapley, 1962), µU
h Rh µh for every h ∈ U .

Second, extend µU to a matching λ of Γ by assigning the students of I \U according to

the outcome of DA in the problem with students I \ U , priorities restricted to them, and

capacities qx − |µU
x |. We claim that λ is stable at P . It is individually rational because

both parts are. Let xPh λh. If h ∈ U , stability of µU in ΓU gives that x holds qx students

of U under µU , all ranked above h at x, so λx = µU
x and (h, x) does not block λ. If h /∈ U ,

stability in the residual problem gives that x has no residual seat left and that every

student of I \ U assigned to x ranks above h there, while every student of U ranks above

h at x by stratification. School x is then full at λ with students who all outrank h, and

again (h, x) does not block. Hence λ is stable at P , and student optimality of µ gives

µh Rh λh = µU
h for every h ∈ U .

The two comparisons and strict preferences give µh = µU
h for every h ∈ U .

Proof of Proposition 11. Let i be the student in position 1 at c, let j1 and k1 be the

students in positions 1 and 2 at d1, let B be the set of students in positions 1, . . . ,m+ 1
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at d2, and let k2 be the student in position m+ 2 at d2. Consider the events

F1 : i /∈ {j1, k1}, F2 : i /∈ B ∪ {k2}, F3 : k2 /∈ {j1, k1},
F4 : τ(h) ̸= τ(j1) for some h ∈ B \ {j1, k1}.

Suppose that all four occur, and let j2 ∈ B \ {j1, k1} have τ(j2) ̸= τ(j1). The students

i, j1, j2, k1, k2 are distinct: i differs from j1 and k1 by F1 and from j2 and k2 by F2, student

j2 differs from j1 and k1 by construction and from k2 because k2 /∈ B, and k2 differs from

j1 and k1 by F3. Since i has the lowest priority at c, we have j1 ≻c i and j2 ≻c i. At d1,

i ≻d1 k1 ≻d1 j1 by F1. At d2, student j2 is in one of the positions 1 to m+ 1, student k2 is

in position m+ 2, and i is above it by F2, so i ≻d2 k2 ≻d2 j2. Both routes are guarded.

For the scarcity sets, let Q = I \ ({i, j1, k1, k2} ∪ B). It contains none of the five

students above, it has at least n−m− 5 members, and all of them rank above k2 at d2.

Since qd2 ≤ qd1 and qd1 + qd2 ≤ n−1− qc ≤ n−3, we have qd2−1 ≤ (n−5)/2 ≤ n−m−5,

where the last inequality uses m ≤ (n − 5)/2. Choose Nd2 ⊆ Q with qd2 − 1 members.

Every student other than j1 and k1 ranks above k1 at d1, and every student other than i

ranks above i at c. The students outside {i, j1, j2, k1, k2} ∪Nd2 number n− 5− (qd2 − 1),

which is at least (qd1 − 1) + (qc− 2) because qc + qd1 + qd2 ≤ n− 1, so disjoint sets Nd1 and

Nc with qd1 − 1 and qc − 2 members can be chosen among them. Definition 8 holds with

both routes guarded. By Theorem 3, the profiles (P, P ′) constructed in its proof form a

tight rigid pair for i at which every admissible correction assigns i to c, and by Corollary 2

every DA-improving mechanism selects ν at P and ν ′ at P ′. By Corollary 8, νc and ν ′
c

differ only in j2 and j1, which have different types, so the two cohorts contain different

numbers of students of type τ(j1).

For the probability, the position of i at d1 and at d2 is uniform on {1, . . . , n}, because i
is determined by ≻c, so F1 and F2 fail with probabilities 2/n and (m+ 2)/n. Conditional

on ≻c and ≻d1 , which determine i, j1 and k1, the student in position m + 2 at d2 is

uniform on I, so F3 fails with probability 2/n, and B is a uniformly distributed set of

m+ 1 students. Let a = τ(j1). If F4 fails, every member of B other than j1 and k1 has

type a, and since j1 itself has type a, the set B is contained in Ta ∪ {k1}, which has at

most ⌊(1− ε)n⌋+ 1 ≤ n members. Hence

Pr(F4 fails) ≤
(
⌊(1− ε)n⌋+ 1

m+ 1

)/(
n

m+ 1

)
≤

(
1− ε+

1

n

)m+1

.

Adding the four bounds gives the stated probability.
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